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- Range minimum query problem. Preprocess array A[1...n] of integers to support
- RMQ(i,j): return the (entry of) minimum element in A[i...J].
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- Dynamic Range minimum query problem. Preprocess array A[1...n] of integers to support
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- Dynamic RMQ: Support following operations.
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Segment trees

- Dynamic RMQ: Support following operations.
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- Dynamic RMQ: Support following operations.
- Add(i, k): Set A[i] = Ali] + k (k can be negative).
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Segment trees

Dynamic RMQ: Support following operations.

. Add(i, k): Set A[i] = A[i] + k
RMQ(,j)

RMQ(5,13) = ?

(k can be negative).
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a=i,b=j
while (a not right of b):
if (a right child):
S = min(s, tree[a))
move a to the right
if (b left child):
S = min(s, tree[b])
move b to the left
move a and b to parents
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Segment trees

- Layout of tree:

- Array T of length 2n.

< T[n+i] = A[]
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Segment trees

- Layout of tree: heap layout
- Array T of length 2n.
+ T[n+i] = A[i]
- T[1] is the root

- T[2] is the left child and T[3] is the right child of the root.

- Node j has
- children T[2j] and T[2j+1]
- parent T[[j/2]]

4
@

@

-@

o
00000 00

Q@

@

-[112]11[412|1[2]5]4][3

2

|

5

2

3

5

6

4

8

6

3

4

2

|

9

7

5

4

2

5

3

i 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31




Segment trees

o © o ©
000 000 00

- 11211 [412|1[(2]15|4[3]2]|1]5]2|3[5]6|4[8]6]|3[4]2|1[9]7]5][4]12]|5]3

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31

s = INF s = INF
a=ib=j a=n+i,b=n+j
while (a not right of b): while (a < b):
if (a right child): if (@ % 2 ==1):
s = min(s, tree[a)) s = min(s, T[a])
move a to the right a=a+1
if (b left child): if (b % 2 ==0):
S = min(s, tree[b]) s = min(s, T[b])
move b to the left b=b-1
move a and b to parents a=|a/2],b=1b/2]

return s return s



Segment trees

RMQ(3,9) = ? , e ; 0

o © o ©
000 000 00

-(1]12(11412|1[2]15|4[3]2]|]1]5]2|3[5]6|4]|8]6]3[4]12|1[9]7]5[4]12]|5]3

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31

s = INF s = INF
a=ib=j a=n+i,b=n+j
while (a not right of b): while (a < b):
if (a right child): if (@ % 2 ==1):
s = min(s, tree[a)) s = min(s, T[a])
move a to the right a=a+1
if (b left child): if (b % 2 ==0):
S = min(s, tree[b]) s = min(s, T[b])
move b to the left b=b-1
move a and b to parents a=|a/2],b=1b/2]

return s return s



Segment trees

RMQ(3,9) = ? , e ; 0

s = INF
o © o o
000 000 00

o~
-1214212543215235648)63421‘9’754253

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31

s = INF s = INF
a=ib=j a=n+i,b=n+j
while (a not right of b): while (a < b):
if (a right child): if (@ % 2 ==1):
s = min(s, tree[a)) s = min(s, T[a])
move a to the right a=a+1
if (b left child): if (b % 2 ==0):
S = min(s, tree[b]) s = min(s, T[b])
move b to the left b=b-1
move a and b to parents a=|a/2],b=1b/2]

return s return s



Segment trees

RMQ(3,9) = ? , e ; 0

s=8
@ @ @ @
'® 00 000 00

o~
-1214212543215235648)63421‘9’754253

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31

s = INF s = INF
a=ib=j a=n+i,b=n+j
while (a not right of b): while (a < b):
if (a right child): if (@ % 2 ==1):
s = min(s, tree[a)) s = min(s, T[a])
move a to the right a=a+1
if (b left child): if (b % 2 ==0):
S = min(s, tree[b]) s = min(s, T[b])
move b to the left b=b-1
move a and b to parents a=|a/2],b=1b/2]

return s return s



Segment trees

RMQ(3,9) = ? , e ; 0

s=8
@ @ @ @
'® 00 000 00

N P
-1214212543215235648'6'3421‘9’754253
20 21

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 22 23 24 25 26 27 28 29 30 31

s = INF s = INF
a=ib=j a=n+i,b=n+j
while (a not right of b): while (a < b):
if (a right child): if (@ % 2 ==1):
s = min(s, tree[a)) s = min(s, T[a])
move a to the right a=a+1
if (b left child): if (b % 2 ==0):
S = min(s, tree[b]) s = min(s, T[b])
move b to the left b=b-1
move a and b to parents a=|a/2],b=1b/2]

return s return s



Segment trees

RMQ(3,9) = ? , 9 3 0
s=8
Q@ O @ @
8 e 9° 1(@ He 12“ 186 149 156

o~
-121421254321523564863421‘9’754253

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31

s = INF s = INF
a=ib=j a=n+i,b=n+j
while (a not right of b): while (a < b):
if (a right child): if (@ % 2 ==1):
s = min(s, tree[a)) s = min(s, T[a])
move a to the right a=a+1
if (b left child): if (b % 2 ==0):
S = min(s, tree[b]) s = min(s, T[b])
move b to the left b=b-1
move a and b to parents a=|a/2],b=1b/2]

return s return s



Segment trees

RMQ(3,9) = ? 29 ; 0
s=28
Q@ 0 @ O
E%('EI’ 9"!') K‘IEI’ 11"5.) 12"]')18"5.’ 14‘!!’ 15‘!;'

-(1]12(1(412|11[(2]15]413]12]1]15]12|3[5]6|4]|8]6]3[4]2[1[9]7]5[4]12]|5]3

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31

s = INF s = INF
a=ib=j a=n+i,b=n+j
while (a not right of b): while (a < b):
if (a right child): if (@ % 2 ==1):
s = min(s, tree[a)) s = min(s, T[a])
move a to the right a=a+1
if (b left child): if (b % 2 ==0):
S = min(s, tree[b]) s = min(s, T[b])
move b to the left b=b-1
move a and b to parents a=|a/2],b=1b/2]

return s return s



Segment trees

RMQ(3,9) = ? 29 ; 0
S =1
Q@ @ @ O
E%('EI’ 9('!.) K‘IEI’ 11"5.) 12"]')18"5.’ 14‘!!’ 15‘!;’

-(1]12(1[1412|11[2]15[41312]115]12|3[5]6|4]|8]6]3[4]12|1[9]7]5[4]12]|5]3

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31

s = INF s = INF
a=ib=j a=n+i,b=n+j
while (a not right of b): while (a < b):
if (a right child): if (@ % 2 ==1):
s = min(s, tree[a)) s = min(s, T[a])
move a to the right a=a+1
if (b left child): if (b % 2 ==0):
S = min(s, tree[b]) s = min(s, T[b])
move b to the left b=b-1
move a and b to parents a=|a/2],b=1b/2]

return s return s



Segment trees

RMQ(3,9) = ? 29 3 0
S =1
Q@ O @ @
8 e 9° 1(@ 116 12“ 186 149 156

-(1]12(11412]|11[(2]15]41312]1[5]12|3[5]6|4]|8]6]3[4]2[1[9]7]15[4]12]|5]3

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31

s = INF s = INF
a=ib=j a=n+i,b=n+j
while (a not right of b): while (a < b):
if (a right child): if (@ % 2 ==1):
s = min(s, tree[a)) s = min(s, T[a])
move a to the right a=a+1
if (b left child): if (b % 2 ==0):
S = min(s, tree[b]) s = min(s, T[b])
move b to the left b=b-1
move a and b to parents a=|a/2],b=1b/2]

return s return s



Segment trees

RMQ(3,9) = ? , e ; 0

sS=1
@ @ @ @
‘@ Q0O O Q-0 O O

-(1]12(1]1412]11[2]15|4[3]2]|]1]5]12|3[5]6|4]|8]6]3[4]12|1[9]7]5[4]12]|5]3

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31

s = INF s = INF
a=ib=j a=n+i,b=n+j
while (a not right of b): while (a < b):
if (a right child): if (@ % 2 ==1):
s = min(s, tree[a)) s = min(s, T[a])
move a to the right a=a+1
if (b left child): if (b % 2 ==0):
S = min(s, tree[b]) s = min(s, T[b])
move b to the left b=b-1
move a and b to parents a=|a/2],b=1b/2]

return s return s



Segment trees

RMQ(3,9) = ? , e ; 0

sS=1
Q@ @ @ @
900 000 00

-(1]12(1[1412)1112]15[4[3]12]|]1]5]12|3[5]6|4]|8]6]3[4]12|1[9]7]5[4]12]|5]3

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31

s = INF s = INF
a=ib=j a=n+i,b=n+j
while (a not right of b): while (a < b):
if (a right child): if (@ % 2 ==1):
s = min(s, tree[a)) s = min(s, T[a])
move a to the right a=a+1
if (b left child): if (b % 2 ==0):
S = min(s, tree[b]) s = min(s, T[b])
move b to the left b=b-1
move a and b to parents a=|a/2],b=1b/2]

return s return s



Segment trees

RMQ(3,9) = ? Qe 30
S =1
Q@ ‘O @ @
900000 00

-(112111412|11[(2]15[4[3]2]|]1]5]12|3[5]6|4]|8]6]3[4]2[1[9]7]5[4]12]|5]3

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31

s = INF s = INF
a=ib=j a=n+i,b=n+j
while (a not right of b): while (a < b):
if (a right child): if (@ % 2 ==1):
s = min(s, tree[a)) s = min(s, T[a])
move a to the right a=a+1
if (b left child): if (b % 2 ==0):
S = min(s, tree[b]) s = min(s, T[b])
move b to the left b=b-1
move a and b to parents a=|a/2],b=1b/2]

return s return s



Segment trees

RMQ(3,9) = 1 Qa 30
S =1
@ O @ @
000000 00

-(112111412|11[(2]15[4[3]2]|]1]5]12|3[5]6|4]|8]6]3[4]2[1[9]7]5[4]12]|5]3

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31

s = INF s = INF
a=ib=j a=n+i,b=n+j
while (a not right of b): while (a < b):
if (a right child): if (@ % 2 ==1):
s = min(s, tree[a)) s = min(s, T[a])
move a to the right a=a+1
if (b left child): if (b % 2 ==0):
S = min(s, tree[b]) s = min(s, T[b])
move b to the left b=b-1
move a and b to parents a=|a/2],b=1b/2]

return s return s



Segment trees

Add(8,5) 29 Sa
Q@ 0 O @
8 e 9° 10e 119 12” 139 149 159
-1 1 1 215|432 [|1]5]2|3|5|6|4|8|6[3]4]2]1]9]|7]5]4]2]5]3
0 1 2 3 4 5 6 7 8 9 i0 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31

Add(i, k):
X=i+n
T[x] = k
x =|x/2]
while (x = 1):
T[x] = min(T[2x], T[2x+1])
X =|x/2]




Segment trees

Add(8,5) 29 3 a
Q@ O @ @
8 e 9° 106 119 12” 189 149 156
- 11 1 2151413211523 |5|6[4|8|6|[3|4]2 (’1\) 917154253
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 \24/ 25 26 27 28 29 30 31

Add(i, k):
X=i+n
T[x] = k
x =|x/2]
while (x = 1):
T[x] = min(T[2x], T[2x+1])
X =|x/2]




Segment trees

Add(8,5) 29 3 a
Q@ O @ @
8 e 9° 106 119 12” 189 149 156
- 11 1 2151413211523 |5|6[4|8|6|[3|4]2 (’6\) 917154253
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 \24/ 25 26 27 28 29 30 31

Add(i, k):
X=i+n
T[x] = k
x =|x/2]
while (x = 1):
T[x] = min(T[2x], T[2x+1])
X =|x/2]




Segment trees

Add(8,5) 29 Sa
Q@ O @ @
8 G 9° 106 119 12‘ 136 149 156
- 11 1 2151413211152 |3|5|(6(4|8|6|(3|4]|2|6|9|7|5(4|2|5]|3
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31

Add(i, k):
X=i+n
T[x] = k
x =|x/2]
while (x = 1):
T[x] = min(T[2x], T[2x+1])
X =|x/2]




Segment trees

Add(8,5) 29 Sa
Q@ O @ @
8 G 9° 106 119 126 136 149 156
- 11 1 21514132 |6]5[|2|3|5|(6(4|8|6(3|4]|2|6|9|7|5(4|2|5]|3
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31

Add(i, k):
X=i+n
T[x] = k
x =|x/2]
while (x = 1):
T[x] = min(T[2x], T[2x+1])
X =|x/2]




Segment trees

Add(8,5) 29 Sa
49 53 66 7g
8 G 9° 106 119 12@ 136 149 156
- 11 1 215141326 |5|2|3|5|(6(4|8|6(3|4]|2|6|9|7|5(4|2|5]|3
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31

Add(i, k):
X=i+n
T[x] = k
x =|x/2]
while (x = 1):
T[x] = min(T[2x], T[2x+1])
X =|x/2]




Segment trees

Add(8,5) 29 Sa
49 53 66 7g
8 G 9° 106 119 12@ 136 149 156
- 11 1 5121514312 |6|52|3[5|6|4|8[6|3|4|2|[6|9|7|5|4|2[5]|3
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31

Add(i, k):
X=i+n
T[x] = k
x =|x/2]
while (x = 1):
T[x] = min(T[2x], T[2x+1])
X =|x/2]




Segment trees

Add(8,5) 0 3‘
Q@ O @ @
86 9° 1oe 119 12@ 136 149 156
- 11 1 5121514312 |6|52|3[5|6|4|8|6|3|4|2|[6|9|7|5|4|2[5]|3
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31

Add(i, k):
X=i+n
T[x] = k
x =|x/2]
while (x = 1):
T[x] = min(T[2x], T[2x+1])
X =|x/2]




Segment trees

Add(8,5) 0 SQ
Q@ O @ @
86 9° 1oe 119 12@ 136 149 156
- 11 2 5121514312 |6|52|3[5|6|4|8|6|3|4|2|[6|9|7|5|4|2[5]|3
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31

Add(i, k):
X=i+n
T[x] = k
x =|x/2]
while (x = 1):
T[x] = min(T[2x], T[2x+1])
X =|x/2]




Segment trees

Add(8,5) 29 Se
Q@ O @ @
8 G 9° 106 119 12@ 136 149 156
- 11 2 5121514312 |6|52|3[5|6|4|8|6|3|4|2|[6|9|7|5|4|2[5]|3
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31

Add(i, k):
X=i+n
T[x] = k
x =|x/2]
while (x = 1):
T[x] = min(T[2x], T[2x+1])
X =|x/2]




Segment trees

Add(8,5) 29 Se
Q@ O @ @
8 G 9° 106 119 12@ 136 149 156
-1 2 2 5121514312 |6|52|3[5|6|4|8|6|3|4|2|[6|9|7|5|4|2[5]|3
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31

Add(i, k):
X=i+n
T[x] = k
x =|x/2]
while (x = 1):
T[x] = min(T[2x], T[2x+1])
X =|x/2]




Segment trees

Add(8,5) 29 Se
Q@ O @ @
8 e 9° 106 119 12@ 189 149 156
-1 2 2 5121514312 |6|52|3[5|6|4|8|6|3|4|2|[6|9|7|5|4|2[5]|3
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31

Add(i, k):
X=i+n
T[x] = k
x =|x/2]
while (x = 1):
T[x] = min(T[2x], T[2x+1])
X =|x/2]




