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- Range minimum query problem. Preprocess array A[1...n] of integers to support

+ RMQ(i,j): return the (entry of) minimum element in A[i...j].

01 2 3 4 5 6 7 8 9
1 712 8 2 5 1 4 8 3

- RMQ@,5) = ?

Range Minimum Queries

+ Range minimum query problem. Preprocess array A[1...n] of integers to support
+ RMAQ(i,j): return the (entry of) minimum element in A[i...j].

01 2 3 4 5 6 7 8 9
1 712 8 2 5 1 4 8 3

- RMQ@,5) =2

+ Solution 1. Store the array. Given a query run through array.
- Space O(n)
+ Time O(n)

Range Minimum Queries
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- Solution 2. Store a matrix with answer to all possible queries. O RERRNR AR RAAERER
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- Range minimum query problem. Preprocess array A[1...n] of integers to support

+ RMQ(i,j): return the (entry of) minimum element in A[i...j].

01 2 3 4 5 6 7 8 9
1 712 8 2 5 1 4 8 3

- RMQ(2,5) = 2




Dynamic Range Minimum Queries

- Dynamic Range minimum query problem. Preprocess array A[1...n] of integers to support
+ RMAQ(i,j): return the (entry of) minimum element in A[i...j].
+ Add(j,k): Set A[i] = Ali] + k (k can be negative).

01 2 3 4 5 6 7 8 9 Ad.d(6'2) 01 2 3 4 5 6 7 8 9

1 7 12 8 2 5 1 4 8 3 1 7 12 8 2 5 3 4 8 3

Dynamic Range Minimum Queries

- Dynamic Range minimum query problem. Preprocess array A[1...n] of integers to support
+ RMQ(i,j): return the (entry of) minimum element in A[i...j].
- Add(i,k): Set Ali] = Ali] + k (k can be negative).

01 2 3 4 5 6 7 8 9 Ad.d(6’2) 0 1 2 3 4 5 6 7 8 9

17 12 8 2 5 1 4 8 3 1 7 12 8 2 5 3 4 8 3

-+ Solution 1. Store the array. Given a query run through array.
- Space O(n)
- Query time O(n)
- Update time O(1)

Dynamic Range Minimum Queries

- Dynamic Range minimum query problem. Preprocess array A[1...n] of integers to support
+ RMAQ(i,j): return the (entry of) minimum element in A[i...j].
+ Add(i,k): Set Ali] = Ali] + k (k can be negative).

01 2 3 4 5 6 7 8 9 Ad.d(6'2) 01 2 3 4 5 6 7 8 9

1 7 12 8 2 5 1 4 8 8 1 7 12 8 2 5 3 4 8 38

0123456867
- Solution 2. Store a matrix with answer to all possible queries. O RERNRERERNAY =
[l 777221 4
- Space O(n?) 2 128 2 21 1
. 3 8221 1
+ Query time O(1) 4 5 01 14
) 5 501 1
- Update time O(n2) 5 T
7 4

8

9

0 A = oo oY

W W W = 4o R

Segment trees

+ Dynamic RMQ: Support following operations.
+ Add(i, k): Set A[i] = Ali] + k (k can be negative).
+ RMQ(i,j)




Segment trees

- Dynamic RMQ: Support following operations.

+ Add(j, k): Set A[i] = Ali] + k (k can be negative).

+ RMQ(i,j)

- RMQ(5,13) = 2

Segment trees

- Dynamic RMQ: Support following operations.
+ Add(i, k): Set A[i] = Ali] + k (k can be negative).
- RMQ(i,j)

- RMQ(5,13) = ?
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Segment trees

+ Dynamic RMQ: Support following operations.

- Add(i, k): Set Ai] = Ali] + k (k can be negative).

+ RMQ(,j)

- RMQ(5,13) = ?

Segment trees

+ Dynamic RMQ: Support following operations.
+ Add(i, k): Set A[i] = Ali] + k (k can be negative).
+ RMQ(i,j)

- RMQ(5,13) =min(3, 2,1, 2) =1




Segment trees

- Dynamic RMQ: Support following operations.
+ Add(j, k): Set A[i] = Ali] + k (k can be negative).
- RMQ(,j)

- RMQ(5,13) = min(3, 2, 1, 2) = 1
- Space: ?

- Query time: ?

Segment trees

- Dynamic RMQ: Support following operations.
+ Add(i, k): Set A[i] = Ali] + k (k can be negative).
- RMQ(i,j)

- RMQ(5,13) = min(3, 2, 1, 2) = 1
- Space: O(n)

-+ Query time: O(log n)
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Segment trees

+ Dynamic RMQ: Support following operations.
- Add(i, k): Set Ai] = Ali] + k (k can be negative).
-+ RMQ(i,j)

- Add(7,3)

Segment trees

+ Dynamic RMQ: Support following operations.
+ Add(i, k): Set A[i] = Ali] + k (k can be negative).
+ RMQ(i,j)

- Add(7,3)




Segment trees

- Dynamic RMQ: Support following operations.
+ Add(j, k): Set A[i] = Ali] + k (k can be negative).

Segment trees

- Dynamic RMQ: Support following operations.
+ Add(i, k): Set A[i] = Ali] + k (k can be negative).

- RMQ(,j) - RMQ(i,j)
- Add(7,3) - Add(7,3)
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Segment trees Segment trees
+ Dynamic RMQ: Support following operations. + Dynamic RMQ: Support following operations.
- Add(i, k): Set Ai] = Ali] + k (k can be negative). + Add(i, k): Set A[i] = Ali] + k (k can be negative).
- RMQ(,j) - RMQ(,j)
+ Add(7,3) - Add(7,3)
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Segment trees

- Dynamic RMQ: Support following operations.
+ Add(j, k): Set A[i] = Ali] + k (k can be negative).

Segment trees

- Dynamic RMQ: Support following operations.
+ Add(i, k): Set A[i] = Ali] + k (k can be negative).

- RMQ(i,j) - RMQ(i,j)
- Add(7,3) - Add(7,3)
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Segment trees Segment trees
+ Dynamic RMQ: Support following operations. + Dynamic RMQ: Support following operations.
- Add(i, k): Set Ai] = Ali] + k (k can be negative). + Add(i, k): Set A[i] = Ali] + k (k can be negative).
- RMQ(i,j) + RMQ(i,j)
+ Add(7,3) - Add(7,3)
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Segment trees

- Dynamic RMQ: Support following operations.
+ Add(j, k): Set A[i] = Ali] + k (k can be negative).
- RMQ(,j)

- Add(7,3)

- Update time: ?

Segment trees

- Dynamic RMQ: Support following operations.
+ Add(i, k): Set A[i] = Ali] + k (k can be negative).
- RMQ(i,j)

- Add(7,3)

-+ Update time: O(log n)
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Segment trees
+ Dynamic RMQ: Support following operations. o= INF
a=i,b=j

Compact Implementation

+ Add(i, k): Set A[i] = Ali] + k (k can be negative).
- RMQ(i,j)

- RMQ(5,13) = ?

while (a not right of b):

if (a right child):
s = min(s, tree[a])
move a to the right

if (b left child):
s = min(s, tree[b])
move b to the left

move a and b to parents




Segment trees

- Dynamic RMQ: Support following operations.
+ Add(j, k): Set A[i] = Ali] + k (k can be negative).
- RMQ(,j)

- RMQ(5,13) = 2

+ s=INF

s =INF
a=i,b=j
while (a not right of b):
if (a right child):
s = min(s, tree[a])
move a to the right
if (b left child):
s = min(s, tree[b])
move b to the left
move a and b to parents

Segment trees

- Dynamic RMQ: Support following operations.
+ Add(i, k): Set A[i] = Ali] + k (k can be negative).
- RMQ(i,j)

- RMQ(5,13) = ?

+s=3

s =INF
a=i,b=j
while (a not right of b):
if (a right child):
s = min(s, tree[a])
move a to the right
if (b left child):
s = min(s, tree[b])
move b to the left
move a and b to parents
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Segment trees Segment trees
+ Dynamic RMQ: Support following operations. s INF + Dynamic RMQ: Support following operations. o= INF
a=i,b=j a=ib=j

- Add(i, k): Set Ali] = Ali] + k
- RMQ(,))

(k can be negative).

- RMQ(5,13) = ?

+s=3

while (a not right of b):

if (a right child):
s = min(s, tree[a))
move a to the right

if (b left child):
s = min(s, tree[b])
move b to the left

move a and b to parents

5

a2 (2)] s [ 3 |

[(a)l 2 T 1oz
6 9

7 8 10

11"

12 13 14 15

- Add(i, k): Set A[i] = Ali] + k
- RMQ(,))

(k can be negative).

- RMQ(5,13) = ?

+s=3

while (a not right of b):

if (a right child):
s = min(s, tree[a])
move a to the right

if (b left child):
s = min(s, tree[b])
move b to the left

move a and b to parents




Segment trees

- Dynamic RMQ: Support following operations.

+ Add(j, k): Set A[i] = Ali] + k (k can be negative).

- RMQ(,))
- RMQ(5,13) = 2

cs=2

s =INF
a=i,b=j
while (a not right of b):
if (a right child):
s = min(s, tree[a])
move a to the right
if (b left child):
s = min(s, tree[b])
move b to the left
move a and b to parents

Segment trees

- Dynamic RMQ: Support following operations.

+ Add(i, k): Set A[i] = Ali] + k (k can be negative).

- RMQ(,))
- RMQ(5,13) = ?

cs=2

s =INF
a=i,b=j
while (a not right of b):
if (a right child):
s = min(s, tree[a])
move a to the right
if (b left child):
s = min(s, tree[b])
move b to the left
move a and b to parents
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Segment trees Segment trees
- Dynamic RMQ: Support following operations. s INF - Dynamic RMQ: Support following operations. o= INF
a=i,b=j a=i,b=j

- Add(i, k): Set Ai] = Ali] + k (k can be negative).

- RMQ(,))
- RMQ(5,13) = ?

cs=2

while (a not right of b):

if (a right child):
s = min(s, tree[a))
move a to the right

if (b left child):
s = min(s, tree[b])
move b to the left

move a and b to parents

+ Add(i, k): Set A[i] = Ali] + k (k can be negative).

- RMQ(,j)
- RMQ(5,13) = ?

cs=2

while (a not right of b):

if (a right child):
s = min(s, tree[a])
move a to the right

if (b left child):
s = min(s, tree[b])
move b to the left

move a and b to parents




Segment trees

- Dynamic RMQ: Support following operations.

+ Add(j, k): Set A[i] = Ali] + k (k can be negative).

- RMQ(,))
- RMQ(5,13) = 2

cs=1

s =INF
a=i,b=j
while (a not right of b):
if (a right child):
s = min(s, tree[a])
move a to the right
if (b left child):
s = min(s, tree[b])
move b to the left
move a and b to parents

Segment trees

- Dynamic RMQ: Support following operations.

+ Add(i, k): Set A[i] = Ali] + k (k can be negative).

- RMQ(,))
- RMQ(5,13) = ?

cs=1

s =INF
a=i,b=j
while (a not right of b):
if (a right child):
s = min(s, tree[a])
move a to the right
if (b left child):
s = min(s, tree[b])
move b to the left
move a and b to parents
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Segment trees Segment trees
- Dynamic RMQ: Support following operations. s INF - Dynamic RMQ: Support following operations. o= INF
a=i,b=j a=i,b=j

- Add(i, k): Set Ai] = Ali] + k (k can be negative).

- RMQ(,))
- RMQ(5,13) = ?

- s=1

while (a not right of b):

if (a right child):
s = min(s, tree[a))
move a to the right

if (b left child):
s = min(s, tree[b])
move b to the left

move a and b to parents

+ Add(i, k): Set A[i] = Ali] + k (k can be negative).

- RMQ(,j)
- RMQ(5,13) = 1

cs=1

while (a not right of b):

if (a right child):
s = min(s, tree[a])
move a to the right

if (b left child):
s = min(s, tree[b])
move b to the left

move a and b to parents




Segment trees

+ Layout of tree:

[s]el4lsfelaafa[1]o]7[5]42]5]3]

Segment trees

- Layout of tree:
- Array T of length 2n.
+ T[n+i] = A[i]

LT T T T T T T T T T T T T T T [sfefals]e]afala[1]o]7][5]4]2]5]3]

o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31

Segment trees

-+ Layout of tree: heap layout
- Array T of length 2n.
- TIn+i] = All]
+ T[1] is the root
- T[2] is the left child and T[3] is the right child of the root.
+ Node j has ' °
- children T[2j] and T[2j+1] e 3 °

- parent T[[j/2]] 40 e c e
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Segment trees
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o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31

s =INF s=INF
a=i,b=j a=n+i,b=n+j
while (a not right of b): while (a < b):
if (a right child): if(@% 2==1):
s = min(s, tree[a]) s = min(s, T[a])
move a to the right a=a+1
if (b left child): if (b % 2 ==0):
s = min(s, tree[b]) s = min(s, T[b])
move b to the left b=b-1
move a and b to parents a=la/2],b=|b/2]

return s return s




Segment trees

RMQ(3,9) = ?
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s =INF

Segment trees

RMQ(3,9) = ?
s=INF
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al2]1]2]5]4a]3]2]1]5]2]3][5]6]4al8)e6]a3]4a]2]1({e)7[5][4]2]5]3

o 1 2 3 4 5 6 7 8 9

10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27

28 29 30 31
s=INF s=INF s =INF
a=ib=j a=n+i,b=n+j a=ib=j a=n+i,b=n+j
while (a not right of b): while (a < b): while (a not right of b): while (@ < b):
if (a right child): if(@% 2==1): if (a right child): if (@ % 2==1):
s = min(s, tree[a]) s = min(s, T[a]) s = min(s, tree[a]) s = min(s, T[a])
move a to the right a=a+1 move a to the right a=a+1
if (b left child): if (b % 2 ==0): if (b left child): if (b % 2 ==0):
s = min(s, tree[b]) s = min(s, T[b]) s = min(s, tree[b]) s = min(s, T[b])
move b to the left b=b-1 move b to the left b=b-1
move a and b to parents a=la/2],b=[b/2] move a and b to parents a=la/2],b=|b/2]
return's return's return s return s

Segment trees

RMQ(3,9) = ?

s=8
‘900 000 00O
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s =INF s =INF
a=ib=j a=n+i,b=n+j
while (a not right of b): while (a < b):
if (a right child): if (@ % 2==1):
s = min(s, tree[a)) s = min(s, T[a])
move a to the right a=a+1
if (b left child): if (b % 2==0):
s = min(s, tree[b]) s = min(s, T[b])
move b to the left b=b-1
move a and b to parents a=la/2],b=[b/2]
return's returns

Segment trees

RMQ(@3,9) = ?
s=8
-l1]2 1
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a]2]1]2]5]a]3]2]1]5]2]a]5]6]4a]s]lels]a]2]1{o)7[5]4]2]5]3

o 1 2 3 4 5 6 7 8 9 10

s =INF
a=i,b=j
while (a not right of b):
if (a right child):
s = min(s, tree[a])
move a to the right
if (b left child):
s = min(s, tree[b])
move b to the left
move a and b to parents
return s

11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31

s =INF
a=n+i,b=n+j
while (a < b):
if(@a% 2==1):
s = min(s, T[a])
a=a+1
if (b % 2 ==0):
s = min(s, T[b])
b=b-1

a=la/2],b=|b2]
return s




Segment trees

RMQ(@3,9) = ?
s=8

°
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s =INF
a=ib=j
while (a not right of b):
if (a right child):
s = min(s, tree[a])
move a to the right
if (b left child):
s = min(s, tree[b])
move b to the left
move a and b to parents
return's

12 13 14 15 16 17 18 19 20 21

s =INF
a=n+i,b=n+j
while (a < b):
if(a%2==1):
s = min(s, T[a])
a=a+1
if (b % 2 ==0):
s = min(s, T[b])
b=b-1
a=la/2],b=|b/2]
return s
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Segment trees
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s=INF

s=INF
a=ib=j a=n+i,b=n+j
while (a not right of b): while (@ < b):
if (a right child): if(@% 2==1):

s = min(s, tree[a])

s = min(s, T[a])
move a to the right

a=a+1

if (b left child): if (b % 2 ==0):
s = min(s, tree[b]) s = min(s, T[b])
move b to the left b=b-1
move a and b to parents a=la/2],b=|b/2]
return s

return s

Segment trees

RMQ(3,9) = ?
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s =INF
a=ib=j
while (a not right of b):
if (a right child):
s = min(s, tree[a))
move a to the right
if (b left child):
s = min(s, tree[b])
move b to the left
move a and b to parents
return's
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s =INF
a=n+i,b=n+j
while (a < b):
if(a% 2==1):
s = min(s, T[a])
a=a+1
if (b % 2 ==0):
s = min(s, T[b])
b=b-1
a=la/2],b=|b/2]
return s
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s=INF

s=INF
a=i,b=j a=n+i,b=n+j
while (a not right of b): while (a < b):
if (a right child): if @ % 2 ==1):

s = min(s, tree[a])

s = min(s, T[a])
move a to the right

a=a+1

if (b left child): if (b % 2 ==0):
s = min(s, tree[b]) s = min(s, T[b])
move b to the left b=b-1
move a and b to parents a=la/2],b=|b/2]
return s

return s




Segment trees

RMQ(3,9) = ?

s=1

0

900 000 60 0

[-T1T2T1Tal2]1]2]5]4[3]21[s5[2[3]5]6[4[8[6[a[a2][1[o]7[5[42]5]3]

0 1 2 4 5 6 7 8 9
s =INF
a=ib=j
while (a not right of b):
if (a right child):
s = min(s, tree[a])
move a to the right
if (b left child):
s = min(s, tree[b])
move b to the left
move a and b to parents
return's
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s =INF
a=n+i,b=n+j
while (a < b):
if(a%2==1):
s = min(s, T[a])
a=a+1
if (b % 2 ==0):
s = min(s, T[b])
b=b-1
a=la/2],b=|b/2]
return s

Segment trees
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s=INF
a=ib=j
while (a not right of b):
if (a right child):
s = min(s, tree[a])
move a to the right
if (b left child):
s = min(s, tree[b])
move b to the left
move a and b to parents
return s
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s =INF
a=n+i,b=n+j
while (@ < b):
if(@%2==1):
s = min(s, T[a])
a=a+1
if (b % 2 ==0):
s = min(s, T[b])
b=b-1
a=la/2],b=1b/2]
return s
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[-T1[2T1Taf2[1]2]5]4[a3]2]1[s[2[3]s]6[4[8[6[a[a2][1[o]7[5[42]5]3]

0o 1 2 3 4 5 6 7 8 9

s =INF
a=ib=j
while (a not right of b):
if (a right child):
s = min(s, tree[a))
move a to the right
if (b left child):
s = min(s, tree[b])
move b to the left
move a and b to parents
return's

10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31

s =INF
a=n+i,b=n+j
while (a < b):
if(a% 2==1):
s = min(s, T[a])
a=a+1
if (b % 2 ==0):
s = min(s, T[b])
b=b-1
a=la/2],b=|b/2]
return s
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[-T1T2]1Jaf2[1]2]5]4[a3]21]s[2]3]5]6[4[8]6[a]af2][1][o]7[5[4]2]5]3]

o 1 2 3 4 5 6 7 8 9

s =INF
a=i,b=j
while (a not right of b):
if (a right child):
s = min(s, tree[a])
move a to the right
if (b left child):
s = min(s, tree[b])
move b to the left
move a and b to parents
return s

12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31

s =INF
a=n+i,b=n+j
while (a < b):
if(@a% 2==1):
s = min(s, T[a])
a=a+1
if (b % 2 ==0):
s = min(s, T[b])
b=b-1

a=la/2],b=|b2]
return s




Segment trees

Segment trees

@
Add(8,5) e °
o @ 0 o
Q00 0 O 60 O 0

[-T1T2]1Taf2[1]2]5]4[a3]21[s5[2[3]5]6[4[8[6[a[a2][1][o]7][5[42]5]3]

Add(i, k):
x=i+n
T[x] = T[x] +k
x=|x/2]
while (x = 1):
T[] = min(T[2x], T[2x+1])
x=|x/2]

@
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[CTilel ]alz2]1]2]5]ala]2]1]s]2 s s 6]4l8l6]alalol)ol7 5 4]2]5]3]

Add(i, k):
X=i+n
T[X] = T[x] +k
x=[x/2]
while (x = 1):
T[x] = min(T[2x], T[2x+1])
x=[x/2]

Segment trees

Segment trees
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CTilel lalel112]s]ala]2]1]s]2]s]5]6l4lsl6la]alole)ol7]5]4l2]5]3]

Add(i, k):
x=i+n
T[x] = T[x] +k
x =|x/2]
while (x = 1):
T[x] = min(T[2x], T[2x+1])
]

x =X/
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[-T1T2]1Jaf2f1]2]5]4[a3]2[1]s[2]3]5]6[a[8[6[3[a]2]6]0o]7[5[4]2]5]3]

Add(i, k):
x=i+n
T[x] = T[x] +k
x=|x/2]
while (x = 1):
T[x] = min(T[2x], T[2x+1])
x=x/2]
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[-T1T2]1Taf2[1]2]5]4[3]2e[s5[2[3]5]6[4[8[6[a[a[2][6]0[7][5[42]5]3]

Add(i, k):
x=i+n
T[x] = T[x] +k
x=|x/2]
while (x = 1):
T[] = min(T[2x], T[2x+1])
x=|x/2]

@
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[-T1T2]1Jaf2]1]2]5]4[32]e[s[2]3]5]6[4[a][6][3[a]2]6]0]7[5[4]2]5]3]

Add(i, k):
X=i+n
T[X] = T[x] +k
x=[x/2]
while (x = 1):
T[x] = min(T[2x], T[2x+1])
x=[x/2]
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[-T1T2]1Taf2]s]2]5]4[3]2]e[s5][2[3]5]6[4[8[6[a[a[2][6]0]7][5[4a2]5]3]

Add(i, k):
x=i+n
T[x] = T[x] +k
x =|x/2]
while (x = 1):
T[x] = min(T[2x], T[2x+1])
]

x =X/
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[-T1T2[1Taf2]s]2]5]4[32]e[s]2]3]5]6[4[a][6][3[a]2]6]o]7[5[a]2]5]3]

Add(i, k):
x=i+n
T[x] = T[x] +k
x=|x/2]
while (x = 1):
T[x] = min(T[2x], T[2x+1])
x=x/2]
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[-T172]2Jaf2]s]2]5]4[32]6[s5[2[3]5]6[4[8[6[a[a[2][6]0[7][5[42]5]3]

Add(i, k):
x=i+n
T[x] = T[x] +k
x=|x/2]
while (x = 1):
T[] = min(T[2x], T[2x+1])
x=|x/2]

o
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[-[1T22[af2]s]2]5]4[32]6[s5[2]3]5]6[4[8][6][3[a]2]6]0]7[5[4]2]5]3]

Add(i, k):
X=i+n
T[X] = T[x] +k
x=[x/2]
while (x = 1):
T[x] = min(T[2x], T[2x+1])
x=[x/2]
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[-[2]22Taf2]s]2]5]4[3]2]6[s5[2[3]5]6[4[8[6[a][a[2][6]0]7][5[4a2]5]3]

Add(i, k):
x=i+n
T[x] = T[x] +k
x =|x/2]
while (x = 1):
T[x] = min(T[2x], T[2x+1])
]

x =X/

@
Add(8,5) @ B -
e e @ o
e n° w,e ‘we ‘/e ‘e me "9

[-T272]2T4f2]s]2]s]4]3]2]6[s5[2[3[s[6[4a[8]6[3]a]2]6]o]7[5]4]2]5]3]

Add(i, k):
x=i+n
T[x] = T[x] +k
x=|x/2]
while (x = 1):
T[x] = min(T[2x], T[2x+1])
x=x/2]




Segment tree

+ What if n is not a power of two?
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Segment tree

+ What if n is not a power of two?

[s]6l4lslea[af2[1]o]7]5]d e c]eo]

Segment tree

+ What if n is not a power of two?

[-T1T2]1Jaf2f1]a]s5]4[a3]2]1[s[a]]5]6]a]8[6][3[a][2][1][0]7[5[4]c]co]c0]




