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Thank you to Kevin Wayne for inspiration to slides

• Divide -and-Conquer.


• Break up problem into several parts.


• Solve each part recursively.


• Combine solutions to subproblems into overall solution.


• Today


• Mergesort (recap)


• Recurrence relations


• Integer multiplication

Divide-and-Conquer

Mergesort

• Mergesort.


• Divide array into two halves.


• Recursively sort each half.


• Merge two halves to make a sorted whole.

Mergesort

Jon von Neumann (1945)

A L G O R I T H M S

DivideA L G O R I T H M S

Sort recursivelyA G L O R H I M S T

MergeA G H I L M O R S T



• Mergesort.


• Divide array into two halves.


• Recursively sort each half.


• Merge two halves to make a sorted whole.


• T(n) = running time of mergesort on input of size n

Mergesort

Jon von Neumann (1945)

A L G O R I T H M S

DivideA L G O R I T H M S

Sort recursivelyA G L O R H I M S T

MergeA G H I L M O R S T

O(1)

2T(n/2)

O(n)

• T(n) = running time of mergesort on input of size n


• Mergesort recurrence:





• Solving the recurrence:


• Recursion tree


• Substitution

T(n) ≤ {2T(n /2) + cn if n > 2
c otherwise

Recurrence relations

Mergesort recurrence: recursion tree

T (n) 
(
2T (n/2) + cn if n > 2

c otherwise
<latexit sha1_base64="ofNVDY+pekfkAOfqnUTjCwv6bCE="></latexit>

cn/2
<latexit sha1_base64="ZF/7btRMydaSg385DSiJGHEjowY=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU01SQY8FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJR8epIrRNYh6rXog15UzStmGG016iKBYhp91wepf73SeqNIvlo5klNBB4LFnECDa5ROSVP6zW3Lq7AFonXkFqUKA1rH4NRjFJBZWGcKx133MTE2RYGUY4nVcGqaYJJlM8pn1LJRZUB9ni1jm6sMoIRbGyJQ1aqL8nMiy0nonQdgpsJnrVy8X/vH5qotsgYzJJDZVkuShKOTIxyh9HI6YoMXxmCSaK2VsRmWCFibHxVGwI3urL66Tj171G3X+4rjX9Io4ynME5XIIHN9CEe2hBGwhM4Ble4c0Rzovz7nwsW0tOMXMKf+B8/gBto43I</latexit>

cn/2
<latexit sha1_base64="ZF/7btRMydaSg385DSiJGHEjowY=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU01SQY8FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJR8epIrRNYh6rXog15UzStmGG016iKBYhp91wepf73SeqNIvlo5klNBB4LFnECDa5ROSVP6zW3Lq7AFonXkFqUKA1rH4NRjFJBZWGcKx133MTE2RYGUY4nVcGqaYJJlM8pn1LJRZUB9ni1jm6sMoIRbGyJQ1aqL8nMiy0nonQdgpsJnrVy8X/vH5qotsgYzJJDZVkuShKOTIxyh9HI6YoMXxmCSaK2VsRmWCFibHxVGwI3urL66Tj171G3X+4rjX9Io4ynME5XIIHN9CEe2hBGwhM4Ble4c0Rzovz7nwsW0tOMXMKf+B8/gBto43I</latexit>

cn/4
<latexit sha1_base64="AnLOlTGuFYX7jJ1rnI/sUilPE74=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBU01qQY8FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNp737ZQ2Nre2d8q7lb39g8Mj9/iko+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcv97hNVmsXy0cwSGgg8lixiBJtcIvKqMXSrXs1bAK0TvyBVKNAaul+DUUxSQaUhHGvd973EBBlWhhFO55VBqmmCyRSPad9SiQXVQba4dY4urDJCUaxsSYMW6u+JDAutZyK0nQKbiV71cvE/r5+a6DbImExSQyVZLopSjkyM8sfRiClKDJ9Zgoli9lZEJlhhYmw8FRuCv/ryOunUa/51rf7QqDbrRRxlOINzuAQfbqAJ99CCNhCYwDO8wpsjnBfn3flYtpacYuYU/sD5/AFwq43K</latexit>

cn/4
<latexit sha1_base64="AnLOlTGuFYX7jJ1rnI/sUilPE74=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBU01qQY8FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNp737ZQ2Nre2d8q7lb39g8Mj9/iko+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcv97hNVmsXy0cwSGgg8lixiBJtcIvKqMXSrXs1bAK0TvyBVKNAaul+DUUxSQaUhHGvd973EBBlWhhFO55VBqmmCyRSPad9SiQXVQba4dY4urDJCUaxsSYMW6u+JDAutZyK0nQKbiV71cvE/r5+a6DbImExSQyVZLopSjkyM8sfRiClKDJ9Zgoli9lZEJlhhYmw8FRuCv/ryOunUa/51rf7QqDbrRRxlOINzuAQfbqAJ99CCNhCYwDO8wpsjnBfn3flYtpacYuYU/sD5/AFwq43K</latexit>

cn/4
<latexit sha1_base64="AnLOlTGuFYX7jJ1rnI/sUilPE74=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBU01qQY8FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNp737ZQ2Nre2d8q7lb39g8Mj9/iko+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcv97hNVmsXy0cwSGgg8lixiBJtcIvKqMXSrXs1bAK0TvyBVKNAaul+DUUxSQaUhHGvd973EBBlWhhFO55VBqmmCyRSPad9SiQXVQba4dY4urDJCUaxsSYMW6u+JDAutZyK0nQKbiV71cvE/r5+a6DbImExSQyVZLopSjkyM8sfRiClKDJ9Zgoli9lZEJlhhYmw8FRuCv/ryOunUa/51rf7QqDbrRRxlOINzuAQfbqAJ99CCNhCYwDO8wpsjnBfn3flYtpacYuYU/sD5/AFwq43K</latexit>

cn/4
<latexit sha1_base64="AnLOlTGuFYX7jJ1rnI/sUilPE74=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBU01qQY8FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNp737ZQ2Nre2d8q7lb39g8Mj9/iko+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcv97hNVmsXy0cwSGgg8lixiBJtcIvKqMXSrXs1bAK0TvyBVKNAaul+DUUxSQaUhHGvd973EBBlWhhFO55VBqmmCyRSPad9SiQXVQba4dY4urDJCUaxsSYMW6u+JDAutZyK0nQKbiV71cvE/r5+a6DbImExSQyVZLopSjkyM8sfRiClKDJ9Zgoli9lZEJlhhYmw8FRuCv/ryOunUa/51rf7QqDbrRRxlOINzuAQfbqAJ99CCNhCYwDO8wpsjnBfn3flYtpacYuYU/sD5/AFwq43K</latexit>

cn
<latexit sha1_base64="ZVdSTVZ71nZNhwDZEoq/1SWx1TU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD0wNyhW36i5A1omXkwrkaA7KX/1hzNKIK2SSGtPz3AT9jGoUTPJZqZ8anlA2oSPes1TRiBs/W1w6IxdWGZIw1rYUkoX6eyKjkTHTKLCdEcWxWfXm4n9eL8Xwxs+ESlLkii0XhakkGJP522QoNGcop5ZQpoW9lbAx1ZShDadkQ/BWX14n7VrVu6rW7uuVRi2PowhncA6X4ME1NOAOmtACBiE8wyu8ORPnxXl3PpatBSefOYU/cD5/AI7xjVM=</latexit>

c
<latexit sha1_base64="UtJp94rs5P2lEy6PEIzvD21TAhA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20a1XvqlprXlfqtTyOIpzBOVyCBzdQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AwuOM2w==</latexit>

c
<latexit sha1_base64="UtJp94rs5P2lEy6PEIzvD21TAhA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20a1XvqlprXlfqtTyOIpzBOVyCBzdQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AwuOM2w==</latexit>

c
<latexit sha1_base64="UtJp94rs5P2lEy6PEIzvD21TAhA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20a1XvqlprXlfqtTyOIpzBOVyCBzdQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AwuOM2w==</latexit>

c
<latexit sha1_base64="UtJp94rs5P2lEy6PEIzvD21TAhA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20a1XvqlprXlfqtTyOIpzBOVyCBzdQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AwuOM2w==</latexit>

cn
<latexit sha1_base64="ZVdSTVZ71nZNhwDZEoq/1SWx1TU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD0wNyhW36i5A1omXkwrkaA7KX/1hzNKIK2SSGtPz3AT9jGoUTPJZqZ8anlA2oSPes1TRiBs/W1w6IxdWGZIw1rYUkoX6eyKjkTHTKLCdEcWxWfXm4n9eL8Xwxs+ESlLkii0XhakkGJP522QoNGcop5ZQpoW9lbAx1ZShDadkQ/BWX14n7VrVu6rW7uuVRi2PowhncA6X4ME1NOAOmtACBiE8wyu8ORPnxXl3PpatBSefOYU/cD5/AI7xjVM=</latexit>

2(cn/2)
<latexit sha1_base64="JPD3YkVnKML2M0/IWnqoA/REqhU=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS02ioMeCF48V7Ae0pWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM72Z+64lrI2L1iJOE9yI6VCIUjKKVWn6FqUv/ol8qu1V3DrJKvJyUIUe9X/rqDmKWRlwhk9SYjucm2MuoRsEknxa7qeEJZWM65B1LFY246WXzc6fk3CoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+ukGN72MqGSFLlii0VhKgnGZPY7GQjNGcqJJZRpYW8lbEQ1ZWgTKtoQvOWXV0nTr3pXVf/hulzz8zgKcApnUAEPbqAG91CHBjAYwzO8wpuTOC/Ou/OxaF1z8pkT+APn8wemKI5p</latexit>

4(cn/4)
<latexit sha1_base64="q0NaJAKuVCnvbi5i1ePUuRLWfDI=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL3E3BvQY8OIxgnlAsoTZSScZMju7zMwKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BbHg2rjut5Pb2Nza3snvFvb2Dw6PiscnLR0limGTRSJSnYBqFFxi03AjsBMrpGEgsB1M7uZ++wmV5pF8NNMY/ZCOJB9yRo2V2rUyk1e1y36x5FbcBcg68TJSggyNfvGrN4hYEqI0TFCtu54bGz+lynAmcFboJRpjyiZ0hF1LJQ1R++ni3Bm5sMqADCNlSxqyUH9PpDTUehoGtjOkZqxXvbn4n9dNzPDWT7mME4OSLRcNE0FMROa/kwFXyIyYWkKZ4vZWwsZUUWZsQgUbgrf68jppVSvedaX6UCvVq1kceTiDcyiDBzdQh3toQBMYTOAZXuHNiZ0X5935WLbmnGzmFP7A+fwBrEaObQ==</latexit>

(n/2)c
<latexit sha1_base64="OKB3BnTIihoj0b8Va7+2nZMe+Sw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXuruKuix4MVjBfsB7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHLS1TRWiTSC5VJ8SaciZo0zDDaSdRFMchp+1wfDvz209UaSbFg5kkNIjxULCIEWys1KqKC/+c9MsVt+bOgVaJl5MK5Gj0y1+9gSRpTIUhHGvd9dzEBBlWhhFOp6VeqmmCyRgPaddSgWOqg2x+7RSdWWWAIqlsCYPm6u+JDMdaT+LQdsbYjPSyNxP/87qpiW6CjIkkNVSQxaIo5chINHsdDZiixPCJJZgoZm9FZIQVJsYGVLIheMsvr5KWX/Mua/79VaXu53EU4QROoQoeXEMd7qABTSDwCM/wCm+OdF6cd+dj0Vpw8plj+APn8wczso4t</latexit>

cn/2k
<latexit sha1_base64="kR/pxVifXJESEkqiGxd3Opv5YYM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU93dCnosePFYwX5Au5Zsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTsc38z89hNVmklxbyYJDWI8FCxiBBsrtYi48B/G/XLFrbpzoFXi5aQCORr98ldvIEkaU2EIx1p3PTcxQYaVYYTTaamXappgMsZD2rVU4JjqIJtfO0VnVhmgSCpbwqC5+nsiw7HWkzi0nTE2I73szcT/vG5qousgYyJJDRVksShKOTISzV5HA6YoMXxiCSaK2VsRGWGFibEBlWwI3vLLq6TlV71a1b+7rNT9PI4inMApnIMHV1CHW2hAEwg8wjO8wpsjnRfn3flYtBacfOYY/sD5/AHq7o6l</latexit>

cn/2k
<latexit sha1_base64="kR/pxVifXJESEkqiGxd3Opv5YYM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU93dCnosePFYwX5Au5Zsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTsc38z89hNVmklxbyYJDWI8FCxiBBsrtYi48B/G/XLFrbpzoFXi5aQCORr98ldvIEkaU2EIx1p3PTcxQYaVYYTTaamXappgMsZD2rVU4JjqIJtfO0VnVhmgSCpbwqC5+nsiw7HWkzi0nTE2I73szcT/vG5qousgYyJJDRVksShKOTISzV5HA6YoMXxiCSaK2VsRGWGFibEBlWwI3vLLq6TlV71a1b+7rNT9PI4inMApnIMHV1CHW2hAEwg8wjO8wpsjnRfn3flYtBacfOYY/sD5/AHq7o6l</latexit>

2k(cn/2k)
<latexit sha1_base64="EO9tbF7Th8+XNJYu8Or/PTE020Q=">AAAB8nicbVDLSgMxFM3UV62vqks3wSLUTZ0ZBV0W3LisYB8wHUsmzbShmWRI7gil9DPcuFDErV/jzr8xbWehrQdCDufcy733RKngBlz32ymsrW9sbhW3Szu7e/sH5cOjllGZpqxJlVC6ExHDBJesCRwE66SakSQSrB2Nbmd++4lpw5V8gHHKwoQMJI85JWClwH8cVam8sN95r1xxa+4ceJV4OamgHI1e+avbVzRLmAQqiDGB56YQTogGTgWblrqZYSmhIzJggaWSJMyEk/nKU3xmlT6OlbZPAp6rvzsmJDFmnES2MiEwNMveTPzPCzKIb8IJl2kGTNLFoDgTGBSe3Y/7XDMKYmwJoZrbXTEdEk0o2JRKNgRv+eRV0vJr3mXNv7+q1P08jiI6Qaeoijx0jeroDjVQE1Gk0DN6RW8OOC/Ou/OxKC04ec8x+gPn8wemspAj</latexit>

lg(n)
<latexit sha1_base64="gut7YygPOtVY7PkC0ZYejiGavzc=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpexWQY8FLx4r2A9ol5JNs21sNlmSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+0dr6xubWdmGnuLu3f3BYOjpuGZVqyppUCaU7ITFMcMmallvBOolmJA4Fa4fj25nffmLacCUf7CRhQUyGkkecEuukVk8MK/KiXyp7VW8OvEr8nJQhR6Nf+uoNFE1jJi0VxJiu7yU2yIi2nAo2LfZSwxJCx2TIuo5KEjMTZPNrp/jcKQMcKe1KWjxXf09kJDZmEoeuMyZ2ZJa9mfif101tdBNkXCapZZIuFkWpwFbh2et4wDWjVkwcIVRzdyumI6IJtS6gogvBX355lbRqVf+yWru/KtdreRwFOIUzqIAP11CHO2hAEyg8wjO8whtS6AW9o49F6xrKZ07gD9DnD9ezjpg=</latexit>

• Substitute    with    and use induction to prove  .


• Base case ( ): 


• By definition 


• Substitution:


• Induction: Assume    for  .





        


        


        


        .

T(n) cn lg n T(n) ≤ cn lg n

n = 2

T(2) = c .

T(m) ≤ cm lg m m < n

T(n) ≤ 2T(n /2) + cn

≤ 2c(n /2)lg(n /2) + cn

= cn(lg n − 1) + cn

= cn lg n − cn + cn

= cn lg n

Mergesort recurrence: substitution

T (n) 
(
2T (n/2) + cn if n > 2

c otherwise
<latexit sha1_base64="ofNVDY+pekfkAOfqnUTjCwv6bCE="></latexit>

cn lg n = c ⋅ 2 lg 2 = 2c ≥ c = T(2) = T(n)






• Summing over all levels:  


                    


• Substitution: 


• Base case: 


           .             


• Assume  for . 


T(n) ≤ {T(n /2) + cn if n > 2
c otherwise

T(n) ≤
lg n−1

∑
k=0

cn
2k

= cn
lg n−1

∑
k=0

1
2k

≤ 2cn = O(n)

2c ⋅ 2 = 4c ≥ c = T(2)

T(m) ≤ 2cm m < n

T(n) ≤ T(n /2) + cn ≤ 2c(n /2) + cn = 2cn

More recurrence relations: 1 subproblem

cn/2
<latexit sha1_base64="ZF/7btRMydaSg385DSiJGHEjowY=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU01SQY8FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJR8epIrRNYh6rXog15UzStmGG016iKBYhp91wepf73SeqNIvlo5klNBB4LFnECDa5ROSVP6zW3Lq7AFonXkFqUKA1rH4NRjFJBZWGcKx133MTE2RYGUY4nVcGqaYJJlM8pn1LJRZUB9ni1jm6sMoIRbGyJQ1aqL8nMiy0nonQdgpsJnrVy8X/vH5qotsgYzJJDZVkuShKOTIxyh9HI6YoMXxmCSaK2VsRmWCFibHxVGwI3urL66Tj171G3X+4rjX9Io4ynME5XIIHN9CEe2hBGwhM4Ble4c0Rzovz7nwsW0tOMXMKf+B8/gBto43I</latexit>

cn/4
<latexit sha1_base64="AnLOlTGuFYX7jJ1rnI/sUilPE74=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBU01qQY8FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNp737ZQ2Nre2d8q7lb39g8Mj9/iko+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcv97hNVmsXy0cwSGgg8lixiBJtcIvKqMXSrXs1bAK0TvyBVKNAaul+DUUxSQaUhHGvd973EBBlWhhFO55VBqmmCyRSPad9SiQXVQba4dY4urDJCUaxsSYMW6u+JDAutZyK0nQKbiV71cvE/r5+a6DbImExSQyVZLopSjkyM8sfRiClKDJ9Zgoli9lZEJlhhYmw8FRuCv/ryOunUa/51rf7QqDbrRRxlOINzuAQfbqAJ99CCNhCYwDO8wpsjnBfn3flYtpacYuYU/sD5/AFwq43K</latexit>

cn
<latexit sha1_base64="ZVdSTVZ71nZNhwDZEoq/1SWx1TU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD0wNyhW36i5A1omXkwrkaA7KX/1hzNKIK2SSGtPz3AT9jGoUTPJZqZ8anlA2oSPes1TRiBs/W1w6IxdWGZIw1rYUkoX6eyKjkTHTKLCdEcWxWfXm4n9eL8Xwxs+ESlLkii0XhakkGJP522QoNGcop5ZQpoW9lbAx1ZShDadkQ/BWX14n7VrVu6rW7uuVRi2PowhncA6X4ME1NOAOmtACBiE8wyu8ORPnxXl3PpatBSefOYU/cD5/AI7xjVM=</latexit>

c
<latexit sha1_base64="UtJp94rs5P2lEy6PEIzvD21TAhA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20a1XvqlprXlfqtTyOIpzBOVyCBzdQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AwuOM2w==</latexit>

cn/2k
<latexit sha1_base64="kR/pxVifXJESEkqiGxd3Opv5YYM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU93dCnosePFYwX5Au5Zsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTsc38z89hNVmklxbyYJDWI8FCxiBBsrtYi48B/G/XLFrbpzoFXi5aQCORr98ldvIEkaU2EIx1p3PTcxQYaVYYTTaamXappgMsZD2rVU4JjqIJtfO0VnVhmgSCpbwqC5+nsiw7HWkzi0nTE2I73szcT/vG5qousgYyJJDRVksShKOTISzV5HA6YoMXxiCSaK2VsRGWGFibEBlWwI3vLLq6TlV71a1b+7rNT9PI4inMApnIMHV1CHW2hAEwg8wjO8wpsjnRfn3flYtBacfOYY/sD5/AHq7o6l</latexit>

lg(n)
<latexit sha1_base64="gut7YygPOtVY7PkC0ZYejiGavzc=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpexWQY8FLx4r2A9ol5JNs21sNlmSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+0dr6xubWdmGnuLu3f3BYOjpuGZVqyppUCaU7ITFMcMmallvBOolmJA4Fa4fj25nffmLacCUf7CRhQUyGkkecEuukVk8MK/KiXyp7VW8OvEr8nJQhR6Nf+uoNFE1jJi0VxJiu7yU2yIi2nAo2LfZSwxJCx2TIuo5KEjMTZPNrp/jcKQMcKe1KWjxXf09kJDZmEoeuMyZ2ZJa9mfif101tdBNkXCapZZIuFkWpwFbh2et4wDWjVkwcIVRzdyumI6IJtS6gogvBX355lbRqVf+yWru/KtdreRwFOIUzqIAP11CHO2hAEyg8wjO8whtS6AW9o49F6xrKZ07gD9DnD9ezjpg=</latexit>

• q subproblems of size n/2.


             
T(n) ≤ {qT(n /2) + cn if n > 2
c otherwise

More than 2 subproblems

cn/2
<latexit sha1_base64="ZF/7btRMydaSg385DSiJGHEjowY=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU01SQY8FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJR8epIrRNYh6rXog15UzStmGG016iKBYhp91wepf73SeqNIvlo5klNBB4LFnECDa5ROSVP6zW3Lq7AFonXkFqUKA1rH4NRjFJBZWGcKx133MTE2RYGUY4nVcGqaYJJlM8pn1LJRZUB9ni1jm6sMoIRbGyJQ1aqL8nMiy0nonQdgpsJnrVy8X/vH5qotsgYzJJDZVkuShKOTIxyh9HI6YoMXxmCSaK2VsRmWCFibHxVGwI3urL66Tj171G3X+4rjX9Io4ynME5XIIHN9CEe2hBGwhM4Ble4c0Rzovz7nwsW0tOMXMKf+B8/gBto43I</latexit>

cn/2
<latexit sha1_base64="ZF/7btRMydaSg385DSiJGHEjowY=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU01SQY8FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJR8epIrRNYh6rXog15UzStmGG016iKBYhp91wepf73SeqNIvlo5klNBB4LFnECDa5ROSVP6zW3Lq7AFonXkFqUKA1rH4NRjFJBZWGcKx133MTE2RYGUY4nVcGqaYJJlM8pn1LJRZUB9ni1jm6sMoIRbGyJQ1aqL8nMiy0nonQdgpsJnrVy8X/vH5qotsgYzJJDZVkuShKOTIxyh9HI6YoMXxmCSaK2VsRmWCFibHxVGwI3urL66Tj171G3X+4rjX9Io4ynME5XIIHN9CEe2hBGwhM4Ble4c0Rzovz7nwsW0tOMXMKf+B8/gBto43I</latexit>

cn/4
<latexit sha1_base64="AnLOlTGuFYX7jJ1rnI/sUilPE74=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBU01qQY8FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNp737ZQ2Nre2d8q7lb39g8Mj9/iko+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcv97hNVmsXy0cwSGgg8lixiBJtcIvKqMXSrXs1bAK0TvyBVKNAaul+DUUxSQaUhHGvd973EBBlWhhFO55VBqmmCyRSPad9SiQXVQba4dY4urDJCUaxsSYMW6u+JDAutZyK0nQKbiV71cvE/r5+a6DbImExSQyVZLopSjkyM8sfRiClKDJ9Zgoli9lZEJlhhYmw8FRuCv/ryOunUa/51rf7QqDbrRRxlOINzuAQfbqAJ99CCNhCYwDO8wpsjnBfn3flYtpacYuYU/sD5/AFwq43K</latexit>

cn/4
<latexit sha1_base64="AnLOlTGuFYX7jJ1rnI/sUilPE74=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBU01qQY8FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNp737ZQ2Nre2d8q7lb39g8Mj9/iko+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcv97hNVmsXy0cwSGgg8lixiBJtcIvKqMXSrXs1bAK0TvyBVKNAaul+DUUxSQaUhHGvd973EBBlWhhFO55VBqmmCyRSPad9SiQXVQba4dY4urDJCUaxsSYMW6u+JDAutZyK0nQKbiV71cvE/r5+a6DbImExSQyVZLopSjkyM8sfRiClKDJ9Zgoli9lZEJlhhYmw8FRuCv/ryOunUa/51rf7QqDbrRRxlOINzuAQfbqAJ99CCNhCYwDO8wpsjnBfn3flYtpacYuYU/sD5/AFwq43K</latexit>

cn/4
<latexit sha1_base64="AnLOlTGuFYX7jJ1rnI/sUilPE74=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBU01qQY8FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNp737ZQ2Nre2d8q7lb39g8Mj9/iko+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcv97hNVmsXy0cwSGgg8lixiBJtcIvKqMXSrXs1bAK0TvyBVKNAaul+DUUxSQaUhHGvd973EBBlWhhFO55VBqmmCyRSPad9SiQXVQba4dY4urDJCUaxsSYMW6u+JDAutZyK0nQKbiV71cvE/r5+a6DbImExSQyVZLopSjkyM8sfRiClKDJ9Zgoli9lZEJlhhYmw8FRuCv/ryOunUa/51rf7QqDbrRRxlOINzuAQfbqAJ99CCNhCYwDO8wpsjnBfn3flYtpacYuYU/sD5/AFwq43K</latexit>

cn/4
<latexit sha1_base64="AnLOlTGuFYX7jJ1rnI/sUilPE74=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBU01qQY8FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNp737ZQ2Nre2d8q7lb39g8Mj9/iko+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcv97hNVmsXy0cwSGgg8lixiBJtcIvKqMXSrXs1bAK0TvyBVKNAaul+DUUxSQaUhHGvd973EBBlWhhFO55VBqmmCyRSPad9SiQXVQba4dY4urDJCUaxsSYMW6u+JDAutZyK0nQKbiV71cvE/r5+a6DbImExSQyVZLopSjkyM8sfRiClKDJ9Zgoli9lZEJlhhYmw8FRuCv/ryOunUa/51rf7QqDbrRRxlOINzuAQfbqAJ99CCNhCYwDO8wpsjnBfn3flYtpacYuYU/sD5/AFwq43K</latexit>

cn
<latexit sha1_base64="ZVdSTVZ71nZNhwDZEoq/1SWx1TU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD0wNyhW36i5A1omXkwrkaA7KX/1hzNKIK2SSGtPz3AT9jGoUTPJZqZ8anlA2oSPes1TRiBs/W1w6IxdWGZIw1rYUkoX6eyKjkTHTKLCdEcWxWfXm4n9eL8Xwxs+ESlLkii0XhakkGJP522QoNGcop5ZQpoW9lbAx1ZShDadkQ/BWX14n7VrVu6rW7uuVRi2PowhncA6X4ME1NOAOmtACBiE8wyu8ORPnxXl3PpatBSefOYU/cD5/AI7xjVM=</latexit>

cn
<latexit sha1_base64="ZVdSTVZ71nZNhwDZEoq/1SWx1TU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD0wNyhW36i5A1omXkwrkaA7KX/1hzNKIK2SSGtPz3AT9jGoUTPJZqZ8anlA2oSPes1TRiBs/W1w6IxdWGZIw1rYUkoX6eyKjkTHTKLCdEcWxWfXm4n9eL8Xwxs+ESlLkii0XhakkGJP522QoNGcop5ZQpoW9lbAx1ZShDadkQ/BWX14n7VrVu6rW7uuVRi2PowhncA6X4ME1NOAOmtACBiE8wyu8ORPnxXl3PpatBSefOYU/cD5/AI7xjVM=</latexit>

cn/2k
<latexit sha1_base64="kR/pxVifXJESEkqiGxd3Opv5YYM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU93dCnosePFYwX5Au5Zsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTsc38z89hNVmklxbyYJDWI8FCxiBBsrtYi48B/G/XLFrbpzoFXi5aQCORr98ldvIEkaU2EIx1p3PTcxQYaVYYTTaamXappgMsZD2rVU4JjqIJtfO0VnVhmgSCpbwqC5+nsiw7HWkzi0nTE2I73szcT/vG5qousgYyJJDRVksShKOTISzV5HA6YoMXxiCSaK2VsRGWGFibEBlWwI3vLLq6TlV71a1b+7rNT9PI4inMApnIMHV1CHW2hAEwg8wjO8wpsjnRfn3flYtBacfOYY/sD5/AHq7o6l</latexit>

cn/2k
<latexit sha1_base64="kR/pxVifXJESEkqiGxd3Opv5YYM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU93dCnosePFYwX5Au5Zsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTsc38z89hNVmklxbyYJDWI8FCxiBBsrtYi48B/G/XLFrbpzoFXi5aQCORr98ldvIEkaU2EIx1p3PTcxQYaVYYTTaamXappgMsZD2rVU4JjqIJtfO0VnVhmgSCpbwqC5+nsiw7HWkzi0nTE2I73szcT/vG5qousgYyJJDRVksShKOTISzV5HA6YoMXxiCSaK2VsRGWGFibEBlWwI3vLLq6TlV71a1b+7rNT9PI4inMApnIMHV1CHW2hAEwg8wjO8wpsjnRfn3flYtBacfOYY/sD5/AHq7o6l</latexit>

lg(n)
<latexit sha1_base64="gut7YygPOtVY7PkC0ZYejiGavzc=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpexWQY8FLx4r2A9ol5JNs21sNlmSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+0dr6xubWdmGnuLu3f3BYOjpuGZVqyppUCaU7ITFMcMmallvBOolmJA4Fa4fj25nffmLacCUf7CRhQUyGkkecEuukVk8MK/KiXyp7VW8OvEr8nJQhR6Nf+uoNFE1jJi0VxJiu7yU2yIi2nAo2LfZSwxJCx2TIuo5KEjMTZPNrp/jcKQMcKe1KWjxXf09kJDZmEoeuMyZ2ZJa9mfif101tdBNkXCapZZIuFkWpwFbh2et4wDWjVkwcIVRzdyumI6IJtS6gogvBX355lbRqVf+yWru/KtdreRwFOIUzqIAP11CHO2hAEyg8wjO8whtS6AW9o49F6xrKZ07gD9DnD9ezjpg=</latexit>

cn/2
<latexit sha1_base64="ZF/7btRMydaSg385DSiJGHEjowY=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU01SQY8FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJR8epIrRNYh6rXog15UzStmGG016iKBYhp91wepf73SeqNIvlo5klNBB4LFnECDa5ROSVP6zW3Lq7AFonXkFqUKA1rH4NRjFJBZWGcKx133MTE2RYGUY4nVcGqaYJJlM8pn1LJRZUB9ni1jm6sMoIRbGyJQ1aqL8nMiy0nonQdgpsJnrVy8X/vH5qotsgYzJJDZVkuShKOTIxyh9HI6YoMXxmCSaK2VsRmWCFibHxVGwI3urL66Tj171G3X+4rjX9Io4ynME5XIIHN9CEe2hBGwhM4Ble4c0Rzovz7nwsW0tOMXMKf+B8/gBto43I</latexit>

cn/2
<latexit sha1_base64="ZF/7btRMydaSg385DSiJGHEjowY=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU01SQY8FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJR8epIrRNYh6rXog15UzStmGG016iKBYhp91wepf73SeqNIvlo5klNBB4LFnECDa5ROSVP6zW3Lq7AFonXkFqUKA1rH4NRjFJBZWGcKx133MTE2RYGUY4nVcGqaYJJlM8pn1LJRZUB9ni1jm6sMoIRbGyJQ1aqL8nMiy0nonQdgpsJnrVy8X/vH5qotsgYzJJDZVkuShKOTIxyh9HI6YoMXxmCSaK2VsRmWCFibHxVGwI3urL66Tj171G3X+4rjX9Io4ynME5XIIHN9CEe2hBGwhM4Ble4c0Rzovz7nwsW0tOMXMKf+B8/gBto43I</latexit>

q(cn/2)
<latexit sha1_base64="UgmjsQfx/9imR0+7xZ0VYOARS8A=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXuruKuix4MVjBfsB7VKyabYNTbJrkhXK0h/hxYMiXv093vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nitAmiXmsOiHWlDNJm4YZTjuJoliEnLbD8e3Mbz9RpVksH8wkoYHAQ8kiRrCxUvuxSuSFf94vV9yaOwdaJV5OKpCj0S9/9QYxSQWVhnCsdddzExNkWBlGOJ2WeqmmCSZjPKRdSyUWVAfZ/NwpOrPKAEWxsiUNmqu/JzIstJ6I0HYKbEZ62ZuJ/3nd1EQ3QcZkkhoqyWJRlHJkYjT7HQ2YosTwiSWYKGZvRWSEFSbGJlSyIXjLL6+Sll/zLmv+/VWl7udxFOEETqEKHlxDHe6gAU0gMIZneIU3J3FenHfnY9FacPKZY/gD5/MHBy2OqA==</latexit>

q2(cn/4)
<latexit sha1_base64="M89Ug2Q1gDBASC0L0TIEYijhQH4=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSLUS91dC3osePFYwX5Iu5Zsmm1Dk+yaZIVS+iu8eFDEqz/Hm//GtN2Dtj4YeLw3w8y8MOFMG9f9dlZW19Y3NnNb+e2d3b39wsFhQ8epIrROYh6rVog15UzSumGG01aiKBYhp81weD31m09UaRbLOzNKaCBwX7KIEWysdP/44JeIPK+cdQtFt+zOgJaJl5EiZKh1C1+dXkxSQaUhHGvd9tzEBGOsDCOcTvKdVNMEkyHu07alEguqg/Hs4Ak6tUoPRbGyJQ2aqb8nxlhoPRKh7RTYDPSiNxX/89qpia6CMZNJaqgk80VRypGJ0fR71GOKEsNHlmCimL0VkQFWmBibUd6G4C2+vEwaftm7KPu3lWLVz+LIwTGcQAk8uIQq3EAN6kBAwDO8wpujnBfn3fmYt6442cwR/IHz+QMzCI9O</latexit>

qk(cn/2k)
<latexit sha1_base64="6+h2ZmkrhF4BbghUVfzwMTpKnVo=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBahXmoSBT0WvHisYD8gTctmu2mXbDZxdyKU0p/hxYMiXv013vw3btsctPXBwOO9GWbmBangGmz72yqsrW9sbhW3Szu7e/sH5cOjlk4yRVmTJiJRnYBoJrhkTeAgWCdVjMSBYO0gup357SemNE/kA4xT5sdkKHnIKQEjeY+9qErlhduLzvvlil2z58CrxMlJBeVo9Mtf3UFCs5hJoIJo7Tl2Cv6EKOBUsGmpm2mWEhqRIfMMlSRm2p/MT57iM6MMcJgoUxLwXP09MSGx1uM4MJ0xgZFe9mbif56XQXjjT7hMM2CSLhaFmcCQ4Nn/eMAVoyDGhhCquLkV0xFRhIJJqWRCcJZfXiUtt+Zc1tz7q0rdzeMoohN0iqrIQdeoju5QAzURRQl6Rq/ozQLrxXq3PhatBSufOUZ/YH3+AAizkGI=</latexit>

• q subproblems of size n/2.


             
T(n) ≤ {qT(n /2) + cn if n > 2
c otherwise

More than 2 subproblems

• Summing over all levels:


T(n) ≤
lg n−1

∑
j=0

( q
2 )

j

cn = cn
lg n−1

∑
j=0

( q
2 )

j

= O(nlg q)

Geometric series. 


for 


for 

x ≠ 1 :
m

∑
i=0

xi =
xm+1 − 1

x − 1

x < 1 :
∞

∑
i=0

xi =
1

1 − x

cn/2
<latexit sha1_base64="ZF/7btRMydaSg385DSiJGHEjowY=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU01SQY8FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJR8epIrRNYh6rXog15UzStmGG016iKBYhp91wepf73SeqNIvlo5klNBB4LFnECDa5ROSVP6zW3Lq7AFonXkFqUKA1rH4NRjFJBZWGcKx133MTE2RYGUY4nVcGqaYJJlM8pn1LJRZUB9ni1jm6sMoIRbGyJQ1aqL8nMiy0nonQdgpsJnrVy8X/vH5qotsgYzJJDZVkuShKOTIxyh9HI6YoMXxmCSaK2VsRmWCFibHxVGwI3urL66Tj171G3X+4rjX9Io4ynME5XIIHN9CEe2hBGwhM4Ble4c0Rzovz7nwsW0tOMXMKf+B8/gBto43I</latexit>

cn/2
<latexit sha1_base64="ZF/7btRMydaSg385DSiJGHEjowY=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU01SQY8FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJR8epIrRNYh6rXog15UzStmGG016iKBYhp91wepf73SeqNIvlo5klNBB4LFnECDa5ROSVP6zW3Lq7AFonXkFqUKA1rH4NRjFJBZWGcKx133MTE2RYGUY4nVcGqaYJJlM8pn1LJRZUB9ni1jm6sMoIRbGyJQ1aqL8nMiy0nonQdgpsJnrVy8X/vH5qotsgYzJJDZVkuShKOTIxyh9HI6YoMXxmCSaK2VsRmWCFibHxVGwI3urL66Tj171G3X+4rjX9Io4ynME5XIIHN9CEe2hBGwhM4Ble4c0Rzovz7nwsW0tOMXMKf+B8/gBto43I</latexit>

cn/4
<latexit sha1_base64="AnLOlTGuFYX7jJ1rnI/sUilPE74=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBU01qQY8FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNp737ZQ2Nre2d8q7lb39g8Mj9/iko+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcv97hNVmsXy0cwSGgg8lixiBJtcIvKqMXSrXs1bAK0TvyBVKNAaul+DUUxSQaUhHGvd973EBBlWhhFO55VBqmmCyRSPad9SiQXVQba4dY4urDJCUaxsSYMW6u+JDAutZyK0nQKbiV71cvE/r5+a6DbImExSQyVZLopSjkyM8sfRiClKDJ9Zgoli9lZEJlhhYmw8FRuCv/ryOunUa/51rf7QqDbrRRxlOINzuAQfbqAJ99CCNhCYwDO8wpsjnBfn3flYtpacYuYU/sD5/AFwq43K</latexit>

cn/4
<latexit sha1_base64="AnLOlTGuFYX7jJ1rnI/sUilPE74=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBU01qQY8FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNp737ZQ2Nre2d8q7lb39g8Mj9/iko+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcv97hNVmsXy0cwSGgg8lixiBJtcIvKqMXSrXs1bAK0TvyBVKNAaul+DUUxSQaUhHGvd973EBBlWhhFO55VBqmmCyRSPad9SiQXVQba4dY4urDJCUaxsSYMW6u+JDAutZyK0nQKbiV71cvE/r5+a6DbImExSQyVZLopSjkyM8sfRiClKDJ9Zgoli9lZEJlhhYmw8FRuCv/ryOunUa/51rf7QqDbrRRxlOINzuAQfbqAJ99CCNhCYwDO8wpsjnBfn3flYtpacYuYU/sD5/AFwq43K</latexit>

cn/4
<latexit sha1_base64="AnLOlTGuFYX7jJ1rnI/sUilPE74=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBU01qQY8FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNp737ZQ2Nre2d8q7lb39g8Mj9/iko+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcv97hNVmsXy0cwSGgg8lixiBJtcIvKqMXSrXs1bAK0TvyBVKNAaul+DUUxSQaUhHGvd973EBBlWhhFO55VBqmmCyRSPad9SiQXVQba4dY4urDJCUaxsSYMW6u+JDAutZyK0nQKbiV71cvE/r5+a6DbImExSQyVZLopSjkyM8sfRiClKDJ9Zgoli9lZEJlhhYmw8FRuCv/ryOunUa/51rf7QqDbrRRxlOINzuAQfbqAJ99CCNhCYwDO8wpsjnBfn3flYtpacYuYU/sD5/AFwq43K</latexit>

cn/4
<latexit sha1_base64="AnLOlTGuFYX7jJ1rnI/sUilPE74=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBU01qQY8FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNp737ZQ2Nre2d8q7lb39g8Mj9/iko+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcv97hNVmsXy0cwSGgg8lixiBJtcIvKqMXSrXs1bAK0TvyBVKNAaul+DUUxSQaUhHGvd973EBBlWhhFO55VBqmmCyRSPad9SiQXVQba4dY4urDJCUaxsSYMW6u+JDAutZyK0nQKbiV71cvE/r5+a6DbImExSQyVZLopSjkyM8sfRiClKDJ9Zgoli9lZEJlhhYmw8FRuCv/ryOunUa/51rf7QqDbrRRxlOINzuAQfbqAJ99CCNhCYwDO8wpsjnBfn3flYtpacYuYU/sD5/AFwq43K</latexit>

cn
<latexit sha1_base64="ZVdSTVZ71nZNhwDZEoq/1SWx1TU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD0wNyhW36i5A1omXkwrkaA7KX/1hzNKIK2SSGtPz3AT9jGoUTPJZqZ8anlA2oSPes1TRiBs/W1w6IxdWGZIw1rYUkoX6eyKjkTHTKLCdEcWxWfXm4n9eL8Xwxs+ESlLkii0XhakkGJP522QoNGcop5ZQpoW9lbAx1ZShDadkQ/BWX14n7VrVu6rW7uuVRi2PowhncA6X4ME1NOAOmtACBiE8wyu8ORPnxXl3PpatBSefOYU/cD5/AI7xjVM=</latexit>

cn
<latexit sha1_base64="ZVdSTVZ71nZNhwDZEoq/1SWx1TU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD0wNyhW36i5A1omXkwrkaA7KX/1hzNKIK2SSGtPz3AT9jGoUTPJZqZ8anlA2oSPes1TRiBs/W1w6IxdWGZIw1rYUkoX6eyKjkTHTKLCdEcWxWfXm4n9eL8Xwxs+ESlLkii0XhakkGJP522QoNGcop5ZQpoW9lbAx1ZShDadkQ/BWX14n7VrVu6rW7uuVRi2PowhncA6X4ME1NOAOmtACBiE8wyu8ORPnxXl3PpatBSefOYU/cD5/AI7xjVM=</latexit>

cn/2k
<latexit sha1_base64="kR/pxVifXJESEkqiGxd3Opv5YYM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU93dCnosePFYwX5Au5Zsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTsc38z89hNVmklxbyYJDWI8FCxiBBsrtYi48B/G/XLFrbpzoFXi5aQCORr98ldvIEkaU2EIx1p3PTcxQYaVYYTTaamXappgMsZD2rVU4JjqIJtfO0VnVhmgSCpbwqC5+nsiw7HWkzi0nTE2I73szcT/vG5qousgYyJJDRVksShKOTISzV5HA6YoMXxiCSaK2VsRGWGFibEBlWwI3vLLq6TlV71a1b+7rNT9PI4inMApnIMHV1CHW2hAEwg8wjO8wpsjnRfn3flYtBacfOYY/sD5/AHq7o6l</latexit>

cn/2k
<latexit sha1_base64="kR/pxVifXJESEkqiGxd3Opv5YYM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU93dCnosePFYwX5Au5Zsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTsc38z89hNVmklxbyYJDWI8FCxiBBsrtYi48B/G/XLFrbpzoFXi5aQCORr98ldvIEkaU2EIx1p3PTcxQYaVYYTTaamXappgMsZD2rVU4JjqIJtfO0VnVhmgSCpbwqC5+nsiw7HWkzi0nTE2I73szcT/vG5qousgYyJJDRVksShKOTISzV5HA6YoMXxiCSaK2VsRGWGFibEBlWwI3vLLq6TlV71a1b+7rNT9PI4inMApnIMHV1CHW2hAEwg8wjO8wpsjnRfn3flYtBacfOYY/sD5/AHq7o6l</latexit>

lg(n)
<latexit sha1_base64="gut7YygPOtVY7PkC0ZYejiGavzc=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpexWQY8FLx4r2A9ol5JNs21sNlmSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+0dr6xubWdmGnuLu3f3BYOjpuGZVqyppUCaU7ITFMcMmallvBOolmJA4Fa4fj25nffmLacCUf7CRhQUyGkkecEuukVk8MK/KiXyp7VW8OvEr8nJQhR6Nf+uoNFE1jJi0VxJiu7yU2yIi2nAo2LfZSwxJCx2TIuo5KEjMTZPNrp/jcKQMcKe1KWjxXf09kJDZmEoeuMyZ2ZJa9mfif101tdBNkXCapZZIuFkWpwFbh2et4wDWjVkwcIVRzdyumI6IJtS6gogvBX355lbRqVf+yWru/KtdreRwFOIUzqIAP11CHO2hAEyg8wjO8whtS6AW9o49F6xrKZ07gD9DnD9ezjpg=</latexit>

cn/2
<latexit sha1_base64="ZF/7btRMydaSg385DSiJGHEjowY=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU01SQY8FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJR8epIrRNYh6rXog15UzStmGG016iKBYhp91wepf73SeqNIvlo5klNBB4LFnECDa5ROSVP6zW3Lq7AFonXkFqUKA1rH4NRjFJBZWGcKx133MTE2RYGUY4nVcGqaYJJlM8pn1LJRZUB9ni1jm6sMoIRbGyJQ1aqL8nMiy0nonQdgpsJnrVy8X/vH5qotsgYzJJDZVkuShKOTIxyh9HI6YoMXxmCSaK2VsRmWCFibHxVGwI3urL66Tj171G3X+4rjX9Io4ynME5XIIHN9CEe2hBGwhM4Ble4c0Rzovz7nwsW0tOMXMKf+B8/gBto43I</latexit>

cn/2
<latexit sha1_base64="ZF/7btRMydaSg385DSiJGHEjowY=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU01SQY8FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJR8epIrRNYh6rXog15UzStmGG016iKBYhp91wepf73SeqNIvlo5klNBB4LFnECDa5ROSVP6zW3Lq7AFonXkFqUKA1rH4NRjFJBZWGcKx133MTE2RYGUY4nVcGqaYJJlM8pn1LJRZUB9ni1jm6sMoIRbGyJQ1aqL8nMiy0nonQdgpsJnrVy8X/vH5qotsgYzJJDZVkuShKOTIxyh9HI6YoMXxmCSaK2VsRmWCFibHxVGwI3urL66Tj171G3X+4rjX9Io4ynME5XIIHN9CEe2hBGwhM4Ble4c0Rzovz7nwsW0tOMXMKf+B8/gBto43I</latexit>

q(cn/2)
<latexit sha1_base64="UgmjsQfx/9imR0+7xZ0VYOARS8A=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXuruKuix4MVjBfsB7VKyabYNTbJrkhXK0h/hxYMiXv093vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nitAmiXmsOiHWlDNJm4YZTjuJoliEnLbD8e3Mbz9RpVksH8wkoYHAQ8kiRrCxUvuxSuSFf94vV9yaOwdaJV5OKpCj0S9/9QYxSQWVhnCsdddzExNkWBlGOJ2WeqmmCSZjPKRdSyUWVAfZ/NwpOrPKAEWxsiUNmqu/JzIstJ6I0HYKbEZ62ZuJ/3nd1EQ3QcZkkhoqyWJRlHJkYjT7HQ2YosTwiSWYKGZvRWSEFSbGJlSyIXjLL6+Sll/zLmv+/VWl7udxFOEETqEKHlxDHe6gAU0gMIZneIU3J3FenHfnY9FacPKZY/gD5/MHBy2OqA==</latexit>

q2(cn/4)
<latexit sha1_base64="M89Ug2Q1gDBASC0L0TIEYijhQH4=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSLUS91dC3osePFYwX5Iu5Zsmm1Dk+yaZIVS+iu8eFDEqz/Hm//GtN2Dtj4YeLw3w8y8MOFMG9f9dlZW19Y3NnNb+e2d3b39wsFhQ8epIrROYh6rVog15UzSumGG01aiKBYhp81weD31m09UaRbLOzNKaCBwX7KIEWysdP/44JeIPK+cdQtFt+zOgJaJl5EiZKh1C1+dXkxSQaUhHGvd9tzEBGOsDCOcTvKdVNMEkyHu07alEguqg/Hs4Ak6tUoPRbGyJQ2aqb8nxlhoPRKh7RTYDPSiNxX/89qpia6CMZNJaqgk80VRypGJ0fR71GOKEsNHlmCimL0VkQFWmBibUd6G4C2+vEwaftm7KPu3lWLVz+LIwTGcQAk8uIQq3EAN6kBAwDO8wpujnBfn3fmYt6442cwR/IHz+QMzCI9O</latexit>

qk(cn/2k)
<latexit sha1_base64="6+h2ZmkrhF4BbghUVfzwMTpKnVo=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBahXmoSBT0WvHisYD8gTctmu2mXbDZxdyKU0p/hxYMiXv013vw3btsctPXBwOO9GWbmBangGmz72yqsrW9sbhW3Szu7e/sH5cOjlk4yRVmTJiJRnYBoJrhkTeAgWCdVjMSBYO0gup357SemNE/kA4xT5sdkKHnIKQEjeY+9qErlhduLzvvlil2z58CrxMlJBeVo9Mtf3UFCs5hJoIJo7Tl2Cv6EKOBUsGmpm2mWEhqRIfMMlSRm2p/MT57iM6MMcJgoUxLwXP09MSGx1uM4MJ0xgZFe9mbif56XQXjjT7hMM2CSLhaFmcCQ4Nn/eMAVoyDGhhCquLkV0xFRhIJJqWRCcJZfXiUtt+Zc1tz7q0rdzeMoohN0iqrIQdeoju5QAzURRQl6Rq/ozQLrxXq3PhatBSufOUZ/YH3+AAizkGI=</latexit>

Proof of  


Use geometric series:         


Reduce  


Now:   


                                       


                                 

cn
lg n−1

∑
j=0

( q
2 )

j

= O(nlg q)

cn
lg n−1

∑
j=0

( q
2 )

j

= cn
( q

2 )
lg n

− 1
q
2 − 1

( q
2 )

lg n

=
qlg n

2lg n
=

qlg n

nlg 2
=

qlg n

n

More than 2 subproblems
Geometric series. 


for 


for 

x ≠ 1 :
m

∑
i=0

xi =
xm+1 − 1

x − 1

x < 1 :
∞

∑
i=0

xi =
1

1 − x

cn
( q

2 )
lg n

− 1
q
2 − 1

= cn
qlg n

n − 1
q − 2

2

=
2c

q − 2
n ( qlg n

n
− 1) =

2c
q − 2 (qlg n − n) = O(qlg n)

constant



Integer Multiplication

• Add. Given two n-bit integers a and b, compute a + b.


• School method.  bit operations.


• Multiply. Given two n-bit integers a and b, compute a × b.


• School method.  bit operations.

Θ(n)

Θ(n2)

Integer multiplication

1 0 1 1 1
1 0 0 1 1

+ 1 0 1 1 1
1 0 1 0 1 0

1 1 0 × 1 1 1

0 0 0

+ 1 1 1 0

+ 1 1 1 0 0

1 0 1 0 1 0

• Divide-and-conquer: divide the n-bit integers into two.


• First try:


• Multiply four n/2-bit integers (recursively)


• Add two n/2-bit integers


• Shift and add to obtain result.   

Integer multiplication: warmup

 x = 2n/2 ⋅ x1 + x0
y = 2n/2 ⋅ y1 + y0

 x = 10001101          y = 11100001｝ ｝ ｝ ｝

x1 x0
y1 y0

x ⋅ y = (2n/2 ⋅ x1 + x0)(2n/2 ⋅ y1 + y0) = 2n ⋅ x1y1 + 2n/2 ⋅ (x1y0 + x0y1) + x0y0

T(n) = 4T(n /2) + cn

recursive calls add, shift

T(n) = O(nlg 4) = O(n2)

 x = 10001101          y = 11100001

• Divide-and-conquer: divide the n-bit integers into two.


• Karatsuba:


• Recursively compute three products of n/2-bit integers:


•  , , 


• Shift, add, and subtract to obtain result.   

x1y1 (x1 + x0)(y1 + y0) x0y0

Integer multiplication: Karatsuba

 x = 2n/2 ⋅ x1 + x0
y = 2n/2 ⋅ y1 + y0

｝ ｝ ｝ ｝

x1 x0
y1 y0

 
          
       

x ⋅ y = 2n ⋅ x1y1 + 2n/2 ⋅ (x1y0 + x0y1) + x0y0
= 2n ⋅ x1y1 + 2n/2 ⋅ ((x1 + x0)(y1 + y0) − x1y1 − x0y0) + x0y0

T(n) = 3T(n /2) + cn

recursive calls add, shift

T(n) = O(nlg 3) = O(n1.59)

1 12 3 3

(x1 + x0)(y1 + y0) =
x1y1 + x1y0 + x0y1 + x0y0

⇒
x1y0 + x0y1 =

(x1 + x0)(y1 + y0) − x1y1 − x0y0


