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Technical University of Denmark

Written exam, December 9, 2021.

Course name: Algorithms and data structures II.

Course number: 02110.

Aids allowed: Written aids are permitted.

Exam duration: 4 hours

Weighting: Question 1: 28% - Question 2: 8% - Question 3: 14% - Question 4: 22% - Question 5: 17%

- Question 6: 11 %.

The weighting is only an approximative weighting.

You can answer the exam in either Danish or English.

All questions should be answered by filling out the box below the question.

As exam paper only hand in this and the following pages filled out.
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Question 1 (28%)

Question 1.1 (7%) Draw the string matching automaton for the string BBACBBBA:

Solution:

Question 1.2 (7%) Compute the prefix function as used in the Knuth-Morris-Pratt algorithm for the

string BBACBBBA:

Solution:

i 1 2 3 4 5 6 7 8

P [i] B B A C B B B A

⇡[i]
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Question 1.3 (7%) How does the red-black tree below look after inserting 5? Choose the correct tree

and color the edges the color they have after the insertion. (You can either color the edge, write R or B next

to each edge, or clearly mark the red and black edges in some other way.)
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Question 1.4 (7%) Compute the Fenwick tree F for the array A below:

i 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

A[i] � 2 4 1 1 6 7 5 3 2 3 2 4 7 8 2 1

Solution:

i 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

F (i)
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Question 2 (8%)

Let T (n) denote the running time of an algorithm and let T (n) be defined by the following recurrence.

T (n) =

(
3 · T (n/4) + cn3

if n > 4

c otherwise

Question 2.1 Draw the recursion tree for the recurrence. You should draw at least the first 4 levels. Write

the size of the subproblem represented by each node, the time used in a single subproblem on each level,

and the total time used on each level drawn in the tree.

Recursion tree:

Question 2.2 The total time used on level j can be expressed as:
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Question 3 (14%)

Consider the network N below with capacities on the edges.

A B
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C

D E

F G t
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Question 3.1 (7%) Give a maximum flow from s to t in the network N (write the flow for each edge

along the edges on the graph below), give the value of the maximum flow, and give a minimum s � t cut

(give the partition of the vertices).

Solution:
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value of flow:

minimum cut:
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Question 3.2 (7%) Use the Edmonds-Karp Max-Flow Algorithm to compute a maximum flow in the

network N (the network is shown again below). For each augmenting path write the nodes on the path and

the value you augment the path with in the table below.
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Solution:

augmenting path value
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Question 4 (22%)

Some of your friends have a company ”Pretty Pearls” where they sell bracelets made of pearls. Each pearl

has a color from a set of colors C. A bracelet B can be described as a circular sequence of colors c0c1 · · · cn�1,

where pearl cn�1 is considered to precede c0 in the sequence. For example the bracelet B
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is of size 10, and the set of colors is C = {b, r, y}. The bracelet can be described as the sequence B =

yrbrbyrbyb.
They have made a webshop, where customers can type in a pattern in the form of a sequence of colors

from C, and then ask if a specific bracelet contains the pattern. Formally, the pattern P = p0p1 · · · pm�1 is

contained in the bracelet B = c0c1 · · · cn�1 if and only if m  n and there exists a j 2 {0, . . . , n � 1} such

that pi = cj+i mod n for all i 2 {0, . . . , m � 1}.
For example, the bracelet B above contains the pattern byr ( ) twice: both beginning at position 4

and at position 9, whereas the pattern rry ( ) is not contained in the bracelet.

Your friends ask you if you can help them to construct an algorithm that can solve the problem for them.

Question 4.1 (11%) Give an algorithm that given a bracelet B of length n and a pattern P of length m
computes wether the bracelet contains the pattern. Analyse the space and running time of your algorithm.

Remember to argue that your algorithm is correct.

Solution:
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Solution 4.1 continued:

The exam set continues on the next page 9
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Question 4.2 (11%) Sometimes they modify the bracelets by exchanging a pearl in the design. And at

the same time they would like to answer questions of the form: How many blue and red pearls are there in

the bracelet from pearl i to pearl j (both inclusive).

Help your friends by giving a data structure that given a bracelet B = c0c1 · · · cn�1 of length n supports

the following operations:

• ChangeColor(i, c): Change the color of pearl i to c.

• CountBlueRed(i,j): Returns the total number of blue and red pearls in the bracelet from pearl i to
pearl j (including both i and j).

Note that i can be larger than j. In that case, you should return the total number of blue and red colors

in the sequence cici+1 · · · cn�1c0 · · · cj . For example in the bracelet below (B = yrbpbygbyb), the query

CountBlueRed(3, 5) returns 1 and the query CountBlueRed(6, 1) returns 3.
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<latexit sha1_base64="FJYjfC7tzpX2JYKsgYAKxB0OuB8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewGX8eAF48RzQOSJcxOepMhs7PLzKwQlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0wPqX/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeONnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8Slq1qndV9e4vKvVaHkcRTuAUzsGDa6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwDu242F</latexit>c5

<latexit sha1_base64="5YCLNdZW/Z5A+mTF/jAw6WoEuCw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVI8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD2xQH5QrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4Y2fCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Ttq1qlevevdXlUYtj6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP/BfjYY=</latexit>c6

<latexit sha1_base64="5VWX46ANkQaHkCsOOeb9k1ZlT6c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKWI8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD2xQH5QrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4Y2fCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Ttq1qndd9e6vKo1aHkcRzuAcLsGDOjTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP/HjjYc=</latexit>c7

<latexit sha1_base64="yZ7379ZI4Eon67qq5/fq9JoHJcw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKaI8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD2xQH5QrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6KYd3PhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1buuevdXlUYtj6MIZ3AOl+DBDTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP/NnjYg=</latexit>c8

<latexit sha1_base64="UV3jTuByNNl4QMXmHzNDrVoUjZQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewG8XELePEY0TwgWcLspDcZMju7zMwKYcknePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD6x/0y9X3Ko7B1klXk4qkKPRL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhNd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLq6RVq3qXVe/+olKv5XEU4QRO4Rw8uII63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wf0642J</latexit>c9

Remember to analyse the space usage and query time of your data structure.

Solution:

The exam set continues on the next page 10

Construct a partial s u m s d a t a structure

e . g . a F e nw i c k t r u e o v e r a n a r r a y A ,

w h e r e A-[ i ] = {I i t C i a E f b , r } (ohi f w r i t e
0 o . w . c i e s l a r3)

Inge Li Gørtz

Inge Li Gørtz

Inge Li Gørtz

Inge Li Gørtz

Inge Li Gørtz

Inge Li Gørtz

Inge Li Gørtz

Inge Li Gørtz
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Solution 4.2 continued:

The exam set continues on the next page 11

ChangeColor l i , c )
: i f c e s b . r s :
I f s u m ( i t l ) - s u m l i ) = 0 :

a d d ( I I I . D

( I f s u m ( i ) - s u m ( i - i . 0 :

a d d l i , , ) ) .

C o u n tB l u eRed ( i . j ) :
i f i s j :

r e t u r n s u m ( j a ) - s u m ( i )
"sums. )

- s u m( i - i )

e l s e ( i > j ) :

re tu rn s u m ( n ) - s u m ( i )
A s u m (n-D
-sumli-e)

+ s u m 5 - I + sving)

H v i s d e bruger A l i t e r i

s å s k a l d e t v æ r e d e t b l å

Inge Li Gørtz
If c not in {b,r}:
       If sum(i+1)-sum(i) = 1:
                add(i+1,-1)
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Question 5 (17%)

Your friends needs to buy new pearls for the company. They have a budget of B and they found a place

where they can buy large bags of pearls. There are k di↵erent bags {1, 2, . . . , k}. For each bag i they know

the number ni of pearls in the bag and the price pi of the bag. They want to maximize the number of pearls

they can get without exceeding the budget B.

Your friends suggest the following strategy: Keep picking the bag with the minimum average price for a

pearl from the remaining bags, until you cannot pick the next one without exceeding the budget. That is,

compute ci = pi/ni for all bags and pick the bag with the minimum ci until you cannot pick the next one

without exceeding B.

Question 5.1 (4%) Give an example that shows that the algorithm suggested by your friends does not

find the optimal solution.

Solution:

The exam set continues on the next page 12

B . = 1 4

Hi

#

¥i±⇒

O P T : bag 2 a n d 3,#pear l s

#

1 2

Greedy: 1
, #pearls

= 1 0
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Question 5.2 (3%) You decide to help your friends find an algorithm that can return the maximum

number of pearls they can buy. Let L[i, b] be the maximum number of pearls you can get with budget b
using a subset of the bags {1, . . . , i}. Which of the following recurrences correctly computes L[i, b]:

A L[i, b] =

8
><

>:

0 if pi > b

ni if pi = b

max{L[i � 1, b], L[i � 1, b � pi] + ni} otherwise

B L[i, b] =

8
><

>:

0 if i < 1

L[i � 1, b] if pi > b

max{L[i � 1, b], L[i � 1, b � pi] + ni} otherwise

C L[i, b] =

8
><

>:

0 if i < 1

L[i � 1, b] if pi > b

max{L[i � 1, b], L[i � 1, b � ni] + pi} otherwise

Question 5.3 (10%) Write pseudocode for an algorithm based on dynamic programming and the recur-
rence you chose in Question 5.2 that given a list P = [p1, . . . , pk] of the prices and a list S = [n1, . . . , nk] of

the sizes of the k bags computes the maximum number of pearls you can get. Analyze the space usage and

running time of your algorithm in terms of k and B.

Solution:

The exam set continues on the next page 13

×

b . : 2 d imens iona l ar ray (kti lxfB.si)
I n i t i a l i z e L t o 0 .

f o r i = I t o k :

f o r b = I t o B i å

I f P l i ] S b :

L c i ] [ b ) = L [ i - t , b ]

e l s e

t . f i ]( b ) = M a x {Lfi-1,63,
t . l i - 1 ,b - p i I e n ;3

Return L [ k k r 3 3

Space ( K B )
T i m e = 01613)
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Solution 5.3 continued:

The exam set continues on the next page 14
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Question 6 (11%)

In the city of Algotown the company ”E�cient Parcel Service” is busy bringing out packages before Christ-

mas. They have installed k postboxes {1, . . . , k} around the city, where their n customers can pick up their

packages. Each customer j has a list Lj of approved postboxes, where they are willing to pick up packages.

Let pj denote the number of packages that customer j should get. Each postbox i has capacity ci, which is

the maximum number of packages it can contain.

All packages start at the central depot, and at night they are delivered to the postboxes. The company

asks you to find an algorithm that can help them with the distribution for a given night. They want to

deliver as many packages as possible, while ensuring that all customers only need to go to a postbox on their

list (a customer j can go to many postboxes to pickup packages as long as they are all on their list Lj).

Give an e�cient algorithm that finds the maximum number of packages that can be delivered.

The input to the algorithm is the free capacity of the postboxes c1, c2, . . . , ck, and for each customer j
the number of packages pj and the list Lj of approved postboxes. Analyze the time and space usage of your

algorithm in terms of k, n, and the total length of the lists L =
Pn

j=1 |Lj |. Remember to argue that your

algorithm is correct.

Solution:

The exam set continues on the next page 15

customers

stii

######

Node U i f o r each postbox i E l t , -→k }

N o d e v j f o r e a c h c u s t ome r jest.... n } .

Edge f r om s t o v i o f capacity c i .

Edge f rom U j t o
t of capacity P j .

Edge f rom n i t o V j ⇒ i E h j .



Exam 02110, E21 page 16 of 16 pages

Solution 6.1 continued:

16

v a l u e of M a x flow t o = m a x i m u m n u m b e r

of packagest h a t
c a n b e delivered..

Correctness:
s h o w

flow of v a l u e × ⇒ × packages c a n

b e delivered.

É e t
Åmaxflow⇐ m i n 9 E p i , E c j 3 .

Scaling algorithm: O a k . i n + t i lo gc )
w h e r e ( = mia× S c i4 .

Edmonds-Karp :

OCCktnllktn.LY)
Ford - F u l k e r s o n : 0 ( ( k a n a l ) f-* )

(pseudo-polynomial)

Choose scaling o r E K .


