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The colours of materials

I What causes materials to look the way they do?

I The appearance of a material is largely determined by its particle composition.

I We therefore turn our attention to the general theory of light scattering by
spherical particles: the Lorenz-Mie theory.

I This is a general case of appearance modelling.
I Lorenz showed in 1890 that the rainbow and the sky (Rayleigh scattering)

are simply special cases.
I Mie derived the theory again in 1908 to predict the appearance of colloidal

gold solutions.

I In general, we can use the theory to obtain the optical properties of translucent
materials consisting of approximately spherical particles.

I First: How do we use the optical properties to compute an image?



Computing appearance from scattering properties

I Prediction requires solving the radiative transfer equation:

(~ω · ∇)L(x , ~ω) = −σt(x)L(x , ~ω) + σs(x)

∫
4π
p(x , ~ω′, ~ω)L(x , ~ω′) dω′ + ε(x , ~ω) .

I The solution method of choice today:

Stochastic ray tracing (Monte Carlo integration).
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I How do we compute input scattering properties from the microgeometry of a
material?



Scattering of a plane wave by a spherical particle
I A plane wave scattered by a spherical particle

gives rise to a spherical wave.

I The components of a spherical wave are
spherical functions.

I To evaluate these spherical functions, we use
spherical harmonic expansions.

I Coefficients in these spherical harmonic
expansions are referred to as Lorenz-Mie
coefficients an and bn.

n0

n
med

np

z

y

θ0

n

t
k0

ki

I Lorenz [1890] and Mie [1908] derived formal expressions for an and bn using the
spherical Bessel functions jn and yn.

I These expressions are written more compactly if we use the Riccati-Bessel
functions: ψn(z) = z jn(z) , ξn(z) = z(jn(z) + i yn(z)) ,
where z is (in general) a complex number.



The Lorenz-Mie coefficients (an and bn)
I Using the Riccati-Bessel functions ψn and ξn, the expressions for the Lorenz-Mie

coefficients are

an =
nmedψ

′
n(y)ψn(x)− npψn(y)ψ′n(x)

nmedψ′n(y)ξn(x)− npψn(y)ξ′n(x)

bn =
npψ

′
n(y)ψn(x)− nmedψn(y)ψ′n(x)

npψ′n(y)ξn(x)− nmedψn(y)ξ′n(x)
.

I Primes ′ denote derivative.
I nmed and np are the refractive indices of the host medium and the particle

respectively.
I x and y are called size parameters.

I If r is the particle radius and λ is the wavelength in vacuo, then x and y are
defined by

x =
2πrnmed

λ
, y =

2πrnp
λ

.



Problems in evaluating Lorenz-Mie coefficients

I Absorbing materials have complex indices of refraction.
I Absorbing host medium: nmed = n′med + in′′med .
I Absorbing particles: np = n′p + in′′p .

I Thus absorption means complex size parameters (x and/or y).

I Spherical Bessel functions are composed of sines and cosines.

I For complex arguments, sines and cosines involve hyperbolic functions:

sin(a + ib) = sin a cosh b + i cos a sinh b

cos(a + ib) = cos a cosh b + i sin a sinh b .

I Hyperbolic functions run out of bounds for large arguments.

I This means that absorption causes overflow problems for larger size parameters.

I How to solve this problem? Use ratios and recurrences.



Using logarithmic derivatives

I Logarithmic derivatives are defined by
d[ln f (x)]

dx
=

1

f (x)

df (x)

dx
=

f ′(x)

f (x)
.

I The logarithmic derivatives of the Riccati-Bessel functions

An(z) =
ψ′n(z)

ψn(z)
and Bn(z) =

ξ′n(z)

ξn(z)

involve ratios between hyperbolic functions and follow simple recurrence relations.

I For example [Infeld 1947]

An(z) = −n

z
+
(n
z
− An−1(z)

)−1
with A0(z) = cot(z) .

I The problem of overflow now turns into a problem of stability.

I Nevertheless, let us see if we can remove the overflow problem using logarithmic
derivatives.



Absorbing particles (complex y)
I For absorbing particles, y =

2πrnp
λ is a complex number.

I To avoid overflow, we then need to do something about Riccati-Bessel functions
that take y as argument.

I The Lorenz-Mie coefficients

an =
nmedψ

′
n(y)ψn(x)− npψn(y)ψ′n(x)

nmedψ′n(y)ξn(x)− npψn(y)ξ′n(x)

bn =
npψ

′
n(y)ψn(x)− nmedψn(y)ψ′n(x)

npψ′n(y)ξn(x)− nmedψn(y)ξ′n(x)
.

I Or, using the logarithmic derivatives An(y),

an =
nmedAn(y)ψn(x)− npψ

′
n(x)

nmedAn(y)ξn(x)− npξ′n(x)

bn =
npAn(y)ψn(x)− nmedψ

′
n(x)

npAn(y)ξn(x)− nmedξ′n(x)
.



Stability of the log derivatives of Riccati-Bessel functions

Figure by Dave [1969]

I Stability investigation by Kattawar and Plass [1967]:
I Computing An(z) using upward recurrence is unstable for n > |z |.
I Computing An(z) using downward recurrence is always stable.
I Computations are insensitive to the assumed starting value. We can set AN(z) = 0.



Absorbing host medium (complex x)
I For an absorbing host medium, x = 2πrnmed

λ is complex.

I To avoid overflow, we then need to do something about Riccati-Bessel functions
that take x as argument.

I The Lorenz-Mie coefficients

an =
nmedAn(y)ψn(x)− npψ

′
n(x)

nmedAn(y)ξn(x)− npξ′n(x)

bn =
npAn(y)ψn(x)− nmedψ

′
n(x)

npAn(y)ξn(x)− nmedξ′n(x)
.

I Or, using the logarithmic derivatives An(x) and Bn(x),

an =
ψn(x)

ξn(x)

nmedAn(y)− npAn(x)

nmedAn(y)− npBn(x)

bn =
ψn(x)

ξn(x)

npAn(y)− nmedAn(x)

npAn(y)− nmedBn(x)
.



Stability of the log derivatives of Riccati-Bessel functions

I Recurrences valid for An(z) are also valid for Bn(z).

I Nevertheless, computing Bn(x) using downward recurrence is unstable even for
real x [Cachorro and Salcedo 1991].

I Stability investigation by Mackowski et al. [1990]:
I Computing Bn(z) using upward recurrence is unstable even for small Im(z).
I Computing Bn(z) as a function of An(z) using upward recurrence is always stable.

I Bn(z) depends on An(z) as follows [Mackowski et al. 1990]:

Bn(z) = An(z) +
i

ψn(z)ξn(z)

ψn(z)ξn(z) = ψn−1(z)ξn−1(z)
(n
z
− An−1(z)

)(n
z
− Bn−1(z)

)
.

with initialisation B0(z) = i and ψ0(z)ξ0(z) = 1
2

(
1− e i2z

)
.



Stability of ratios of Riccati-Bessel functions

I Considering the Lorenz-Mie coefficients,

an =
ψn(x)

ξn(x)

nmedAn(y)− npAn(x)

nmedAn(y)− npBn(x)

bn =
ψn(x)

ξn(x)

npAn(y)− nmedAn(x)

npAn(y)− nmedBn(x)
.

we now have stable recurrences for all terms except the ratio ψn(z)/ξn(z).

I A recurrence relation has been found which works as long as Im(z) is not large
[Wu and Wang 1991, Yang 2003]:

ψn(z)

ξn(z)
=
ψn−1(z)

ξn−1(z)

Bn(z) + n/z

An(z) + n/z
.

with initialisation ψ0(z)/ξ0(z) = 1
2

(
1− e−i2z

)
.

I Not ideal, but a highly absorbing host disguises the scattering.



Computing Lorenz-Mie coefficients in the general case

I Number of terms to sum N =
⌈
|x |+ p|x |1/3 + 1

⌉
.

I Empirically justified [Wiscombe 1980, Mackowski et al. 1990].
I Theoretically justified [Cachorro and Salcedo 1991].
I For a maximum error of 10−8, use p = 4.3.

I Procedure:
I Compute An(x) and An(y) for n = 0, . . . ,N + 1 using downward recurrence

initialised by AN+1(x) = AN+1(y) = 0.
I Compute an and bn step by step using upward recurrence and evaluation of

ψn(x)/ξn(x), ψn(x)ξn(x), and Bn(x) at each step.



From particles to appearance

Courtesy of University of Guelph

Lorenz-Mie theory provides the link



Scattering by spherical particles
I The Lorenz-Mie theory:

p(θ) =
|S1(θ)|2 + |S2(θ)|2

2|k |2Cs

S1(θ) =
∞∑
n=1

2n + 1

n(n + 1)
(anπn(cos θ) + bnτn(cos θ))

S2(θ) =
∞∑
n=1

2n + 1

n(n + 1)
(anτn(cos θ) + bnπn(cos θ)) .

I an and bn are the Lorenz-Mie coefficients.

I πn and τn are spherical functions associated with the Legendre polynomials.

small particle large particle



Quantity of scattering
I Lorenz-Mie theory continued:

The scattering and extinction cross sections of a particle:

Cs =
λ2

2π|nmed|2
∞∑
n=1

(2n + 1)
(
|an|2 + |bn|2

)
Ct =

λ2

2π

∞∑
n=1

(2n + 1)Re

(
an + bn
nmed

2

)
.



Bulk optical properties of a material
I Input is the desired volume fraction of a component v and a representative

number density distribution N̂. We have

v̂ =
4π

3

∫ rmax

rmin

r3N̂(r) dr ,

and then the desired distribution is N = N̂v/v̂ .
I Use this to find the bulk properties σs (and σt likewise)

σs =

∫ rmax

rmin

Cs(r)N(r) dr .



Computing scattering properties

I Input needed for computing scattering properties:
I Particle composition (volume fractions, particle shapes).
I Refractive index for host medium nmed.
I Refractive index for each particle type np.
I Size distribution for each particle size (r).

I Code for evaluating the expansions in the Lorenz-Mie theory is available online
[Frisvad et al. 2007]: https://people.compute.dtu.dk/jerf/code/

https://people.compute.dtu.dk/jerf/code/


Graphics and Lorenz-Mie theory (early encounters)
I Nishita et al. [1987]: Mie theory is very complicated, let us use the empirical

approximations by Gibbons [1958] instead.

I Gibbons’ empirical expressions become known as
“hazy and murky Mie” ,

I Rushmeier [1995]: Mie theory is too restrictive.

I Callet [1996]: Mie theory is useful for pigmented materials.

©The Eurographics Association and Callet 1996



Graphics and Lorenz-Mie theory

I Jackèl and Walter [1997]: Atmospheric
phenomena.

I Nishita and Dobashi [2001]: Natural
phenomena consisting of particles in air.

I Riley et al. [2004]: Real-time simulation of
atmospheric phenomena.

I Frisvad et al. [2007]: Computing scattering
properties (particles in an absorbing host).

©The Eurographics Association and Jackèl and Walter 1997

©IEEE Computer Society and Nishita and Dobashi 2001

©The Eurographics Association and Riley et al. 2004



Particle contents (examples)
I Natural water

I Refractive index of host: saline water.
I Mineral and alga contents: user input in volume fractions.
I Refractive indices of mineral and algae: empirical formulae.
I Shape of mineral and algal particles: spheres.
I Size distributions: power laws.

I Icebergs
I Refractive index of host: pure ice.
I Brine and air contents: depend on temperature, salinity, and density.
I Refractive index of brine and air: empirical formula, measured absorption spectrum, and

nair = 1.00.
I Shape of brine pores and air pockets: closed cylinders and ellipsoids.
I Size distributions: power laws.

I Milk
I Refractive index of host: water + dissolved vitamin B2.
I Fat and protein contents: user input in wt.-%.
I Refractive index of milk fat and casein: measured spectra.
I Shape of fat globules and casein micelles: spheres and a volume to surface area ratio.
I Size distributions: log-normal with mean depending on fat content and homogenization

pressure.



Case study: natural waters

I Glacial melt water with rock flour mixing with purer water from melted snow to
give Lake Pukaki in New Zealand its beautiful bright blue colour.



Oceanic and coastal waters

Cold Atlantic Mediterranean

Baltic North Sea



Oceanic and coastal waters



Case study: icebergs



Ice sculptures

pure ice compacted snow white ice



Bottle green icebergs

10 am 7 pm



Algal ice



Case study: milk

skimmed low fat whole

I Refractive index of host: water + dissolved vitamin B2.

I Fat and protein contents: user input in wt.-%.

I Refractive index of milk fat and casein: measured spectra.

I Shape of fat globules and casein micelles: spheres and a volume to surface area ratio.

I Size distributions: log-normal with mean depending on fat content and homogenization pressure.



Measurements used for the milk model
I Refractive indices:
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I Particle size distributions:
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Predicting appearance based on a content declaration

water vitamin B2 protein fat skimmed low fat whole

I Vitamin B2 content: 0.17 mg / 100 g

I Protein content: 3 g / 100 g

I Fat content: 0.1 g (skimmed), 1.5 g (low fat), 3.5 g (whole) / 100 g

I Homogenization pressure: 0 MPa (model: [0, 50] MPa)



Simplistic model validation
I Camera
I Tripod
I Laser pointer
I Cup (use black cup)

Laser in skimmed milk - photo Laser in skimmed milk - computed
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Predicting appearance

Scene

Light: Bowens BW3370 100W Unilite (6400K)

DLSR camera, 
50 mm lens

cloudy 
beverage

Backdrop: white cardboard

organic low fat milk

rendering photograph

I Digital scene modeled by hand to match physical scene (as best we could)



Case study: cloudy apple juice

The visual appearance of a cloudy drink is a decisive factor for consumer
acceptance. [Beveridge 2002]

Let us see if we can use Lorenz-Mie theory to
create an appearance model useful for:

I predicting the visual effect of modifying
production parameters;

I analyzing a given product with cameras.



Apple juice appearance model

I Host medium is water with
dissolved solids (mostly sugars).

I Particles are browned apple flesh.

I Optical properties given by
complex indices of refraction: n = n′ + i n′′.

I We can relate these refractive indices
to production parameters:
I Particle concentration.
I Storage time.
I Handling of apples.
I . . .



Apple juice appearance model
I We use a bimodal particle size distribution N̂

from Zimmer et al. [1994], scaled to the desired
volume concentration v of particles (N = N̂v/v̂).

Fine cloud
Coarse cloud

µ



Rendering
I We can neither use single scattering nor diffusion theory.
I Thus, we use progressive unidirectional path tracing (Monte Carlo).
I Accounting for refractive indices using different interfaces.



Results
I Varying particle

concentration v
(horizontally).

I Varying storage time
and handling
(vertically).
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Patch-based quantitative comparison

0.0 g/L 0.1 g/L 0.2 g/L 1.0 g/L0.5 g/L 2.0 g/L
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Patch-based quantitative comparison
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Visual comparison - MAM 2016 rendering

rendering photograph



Visual comparison - EPJH 2019 rendering

rendering photograph



The input challenge

I Light transport simulation has come a long way, but
renderings can only be as realistic/accurate as the input parameters permit.

I How do we get plausible input parameters?
I Modeling (example: light scattering by particles).
I Measuring (example: diffuse reflectance spectroscopy).

I Suppose we would like to go beyond visual comparison.
I How do we assess the appearance produced by a given set of input parameters?

I Full digitization of a scene.
I Reference photographs from known camera positions.
I Pixelwise comparison of renderings with photographs.



Exercises

I Choose a material or visible phenomenon that you would like to model
and take/find a picture of it.

I Find out what rendering method and optical properties you would need to render it.

I Search the literature (give references).

I Describe how you would do the rendering using the methods covered in this course.
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