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Thank you to Kevin Wayne for inspiration to slides

Dynamic Programming

+ Optimal substructure
* Last time

+ Weighted interval scheduling
+ Today

» Knapsack

+ Sequence alignment

Subset Sum and Knapsack

Subset Sum

+ Subset Sum
« Givennitems {1,...,n}
+ Item i has weight w;
- Bound W

+ Goal: Select maximum weight subset S of items so that
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« Example

+{2,5,8,9,12,18} and W = 25.
+ Solution: 5 + 8 + 12 = 25. I
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Subset Sum

+ Subset Sum
+ Givennitems {1,...,n}
« Item i has weight w;
+ Bound W

+ Goal: Select maximum weight subset S of items so that
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« Example

+{2,5,8,9,12,18}and W = 25.

« Solution: 5 + 8 + 12 = 25.
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Subset Sum

+ O = optimal solution
- Consider element 7.
- Either in O or not.

« n & O : Optimal solution using items {1,...,n — 1} is equal to O.

+ n € O: Value of O = w, + weight of optimal solution on {1,...,n — 1} with
capacity W —w,,.

* Recurrence
+ OPT(i, w) = optimal solution on {1,..., i} with capacity w.
+ From above:
OPT(n, W) = max(OPT(n — 1,W),w, + OPT(n — 1,W —w,))
clfw, > W:
OPT(n, W) = OPT(n — 1,W)

Subset Sum

» Recurrence:
OPT(i — 1,w) if w<w;

OPT(i,w) =
@ w) {max(OPT(i —1,w),w; + OPT(i — 1,w —w;)) otherwise

Subset Sum
» Recurrence:
o ~ OPT(i — 1,w) ifw <w;
@i,w) = max(OPT(i — 1,w), w; + OPT(i — 1,w — w;)) otherwise

— OPT(i,w)




Subset Sum

» Recurrence:

Subset Sum
» Recurrence:
OPT(i. w) = OPT(@ — Lw) ifw < w,
(w) = max(OPT(i — 1,w),w; + OPT(i — 1,w —w;)) otherwise

Array M[0..n][0.W]
Initialize M[0][w] = 0 for each w = 0,1,..,W
Subset-Sum(n,W)

Subset-Sum(i,w)
if M[i][w] empty
if w < wi
M[i][w] = Subset-Sum(i-1,w)

OPT(G, w) = OPT(i — 1,w) if w<w;
LW = max(OPT(i — 1,w),w; + OPT(i — 1,w —w,)) otherwise
n
OPT(j,
// (l W)
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Subset Sum
» Recurrence:
OPT(i — 1,w) if w<w;
OPT(i,w) = . . .
max(@ERE ), w; + OPT( — 1w — w;)) otherwise
0 1+0

« Example

+{1,2,5,8,9and W = 12

- 0J0jO)jO|JOJO|JO|OfOfOfOfOfOfO
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else
M[i][w] = max(Subset-Sum(i-1,w), wi + I
Subsetsum(i-1,w-wi)) H N
return M[i][w] I:HE::
Subset Sum
* Recurrence:
. OPT(i — 1,w) ifw<w;
OPT(i,w) = . . .
max(OPT(i — 1,w), w; + OPT(i — 1,w — w;)) otherwise
1 2 +1
« Example

+{1,2,5,8,9)and W = 12
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Subset Sum Subset Sum

* Recurrence: * Recurrence:
OPT(i, w) = {OPT(i - 1,-w) ' if w< .wi OPT(i, w) = {OPT(i - 1,'w) ‘ ifw < .wl»
max(OPT(i — 1,w), w; + OPT(i — 1,w — w;)) otherwise max(OPT(i — 1,w), w; + OPT(i — 1,w — w;)) otherwise
« Example « Example 3 a3
- {1,2,5,8,9and W = 12 - {1,2,5,8,9and W = 12
9 5 9 5
8 4 8 4
5 3 5 3 8
2 2 3 2 2 3 3
11 1 1 1 1 11 1 1 1 1
- 0jo|lojO|lOjOfOjOfOJOfO]JOfO]O - 0jo0o|lOojO|lO]jOfO]jJOfO]JOfO]JOfO]O
o1 2 3 4 5 6 7 8 9 10 11 12 01 2 3 4 5 6 7 8 9 10 11 12
Subset Sum Subset Sum
* Recurrence: * Recurrence:
OPT(i,w) = {OPT(i - 1,'w) ' if w < .wi OPT(i, w) = {OPT(i — 1,'w) . ifw < .wl»
max(OPT(i — 1,w), w; + OPT(i — 1,w — w;)) otherwise max(OPT(i — 1,w), w; + OPT(i — 1,w — w;)) otherwise
« Example « Example
< {1,2,5,8,9and W = 12 < {1,2,5,8,9and W = 12
9 5 9 5
8 4 8 4
5 3 8 5 8 8
2 2 3 3 2 2 3 3
1 1 1 1 1 1 11 1 1 1 1
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Subset Sum

» Recurrence:

. {OPT(i —1,w)
OPT(l, W) =

« Example

+{1,2,5,8,9tand W = 12
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5 3 .
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ifw<w;

max(OPT(i — 1,w), w; + OPT(i — 1,w — w;)) otherwise

Subset Sum

» Recurrence:

PTG, ) = {OPT(i —1w)

* Example

+{1,2,5,8,9tand W = 12

ifw <w;

max(OPT(i — 1,w), w; + OPT(i — 1,w — w;)) otherwise
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T 1 1 1 1

- ololo|o|o]o ololololo
01 23 4 8 9 10 11 12

ifw<w;

Subset Sum
» Recurrence:
0Pty < d OPTE=1w)
@i, w) = max(OPT(i — 1,w), w; + OPT(i — 1,w —w,)) otherwise

« Example

+{1,2,5,8,9and W = 12

9 5
8 4
5 3 3 8
2 2 3 3 3
T 1 1] 1 1 1
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Subset Sum

» Recurrence:

OPT(i, w) = {OPT(i - 1w

» Example

+{1,2,5,8,9)and W = 12

ifw <w;

max(OPT(i — 1,w), w; + OPT(i — 1,w — w;)) otherwise
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Subset Sum

» Recurrence:

. {OPT(i —1,w)
OPT(l, W) =

« Example

+{1,2,5,8,9tand W = 12

ifw<w;

max(OPT(i — 1,w), w; + OPT(i — 1,w — w;)) otherwise
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Subset Sum

» Recurrence:

* Example

ifw <w;

max(OPT(i — 1,w), w; + OPT(i — 1,w — w;)) otherwise

{OPT(i —1w)

+{1,2,5,8,9tand W = 12
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8 4 11
5 3 3 8
2 2 3 3 3
o 1 11 1 1 1
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Subset Sum

» Recurrence:

. {OPT(i - 1,w)
OPT(l, W) =

« Example

+{1,2,5,8,9and W = 12

ifw<w;

max(OPT(i — 1,w), w; + OPT(i — 1,w — w;,)) otherwise

e 5 12
8 4 3 11
5 3 313 8
2 2 313 3 3
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Subset Sum

» Recurrence:

» Example

{OPT(i - 1w

ifw <w;

max(OPT(i — 1,w), w; + OPT(i — 1,w — w;)) otherwise

+{1,2,5,8,9)and W = 12
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Subset Sum

» Recurrence:

i {OPT(i - 1,w) if w<w;
OPT(i,w) = . . .
max(OPT(i — 1,w),w; + OPT(i — 1,w — w,)) otherwise
Subset-Sum(n, W)
Array M[0..n][0.W]
Initialize M[0][w] = 0 for each w = 0,1,..,W
for i =1 ton
for w =0 to W
if w < wi
M[i][w] = M[i-1][w]
else
M[i][w] = max(M[i-1][w], wi + M[i-1][w-wi])
return M[n,W]

Subset Sum
» Recurrence:
o ~ OPT(i — 1,w) ifw <w;
@i,w) = max(OPT(i — 1,w), w; + OPT(i — 1,w — w;)) otherwise

* Running time:
» Number of subproblems = nW
+ Constant time on each entry = O(nW)
* Pseudo-polynomial time.
» Not polynomial in input size:

» whole input can be described in O(n log n + n log w) bits, where w is the
maximum weight (including W) in the instance.

Knapsack

» Knapsack
+ Givennitems {1,...,n}
« Item i has weight w; and value v;
+ Bound W

+ Goal: Select maximum value subset S of items so that

ZwiSW

i€s
« Example

value

X weight 2 3 5 6 9
Capacity 12

Knapsack

@ cnune




Knapsack

+ O = optimal solution

@ swsue

« n & O : Optimal solution using items {1,...,n — 1} is equal to 0.

« Consider element n.

« Either in O or not.

« n € O: Value of O = v, + value on optimal solution on {1,...,n — 1} with
capacity W —w,,.

* Recurrence
+ OPT(i, w) = optimal solution on {1,..., i} with capacity w.
. OPT( — 1,w) if w<w;
OPT(i,w) = ) . .
max(OPT(i — 1,w), v; + OPT(i — I,w — w;)) otherwise

+ Running time O(nW)

Dynamic programming

« First formulate the problem recursively.
» Describe the problem recursively in a clear and precise way.
+ Give a recursive formula for the problem.

* Bottom-up
+ Identify all the subproblems.
+ Choose a memoization data structure.
+ Identify dependencies.
+ Find a good evaluation order.

» Top-down
+ Identify all the subproblems.
+ Choose a memoization data structure.
+ Identify base cases.
* Remember to save results and check before computing.

Sequence Alignment

31

Sequence alignment

+ How similar are ACAAGTC and CATGT.
+ Align them such that
+ all items occurs in at most one pair.
* no crossing pairs.
+ Cost of alignment
+ gap penalty 6
» mismatch cost for each pair of letters a(p,q).
+ Goal: find minimum cost alignment.
+ Input to problem: 2 strings X nd Y, gap penalty §, and penalty matrix a(p,q).

ACAAGTC
-CATGT -

ACAA-GTC
SCA-TGT-

1 mismatch, 2 gaps @ mismatches, 4 gaps

32




Sequence Alignment

+ Subproblem property.

| Yn»1

+ In the optimal alignment either:

* Xn and ym are aligned.
+ OPT = price of aligning xn» and ym + minimum cost of aligning Xi-1 and Yj.1.
* Xn and ym are not aligned.
« Either x» and ym (or both) is unaligned in OPT. Why?
+ OPT =6 + min(min cost of aligning Xn-1 and Ym,
min cost of aligning X» and Ym-1)
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Sequence Alignment

+ Subproblem property.

+ SA(X.,Y)) = min cost of aligning strings X[1...i] and Y[1...j].

+ Case 1. Align xi and y;.

+ Pay mismatch cost for xi and y; + min cost of aligning Xi-1 and Yj-1.
« Case 2. Leave x; unaligned.

» Pay gap cost + min cost of aligning Xi-1 and Y.
+ Case 3. Leave yjunaligned.

+ Pay gap cost + min cost of aligning Xi and Yij.1.
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Sequence alignment

i) ifi=0

i6 ifj=0
SA(X;,Y;) = oz, y;) + SA(Xi-1, Y1),

min § § + SA(X;,Y;_1), otherwise

0+ SA(X;-1,Yj)}

AlclalalaglTlc Penalty matrix

AlC|G|T

c 51 Alo|1]|2]2

o) cl|1]|]0(|2](3
T SA(Xs, V)

G G|l2|2(0(1

T T|2|3(1]0
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Sequence alignment

jo ifi=0

is ifj=0
SA(Xy,Y;) = alzi,y;) + SA(Xi-1,Yj-1),

min ¢ § + SA(X;,Y,_1), otherwise

5+ SA(X,_1,Y;)}

AlclalalalTlc Penalty matrix
A|C|G|T
c Alol1]2]2

6=1

x 5=1]
c|1|0]|2]|3

T . SA(Xs, Y3)
G Depends on ? Gl2]2]|0]1
T T|2|3|1(0
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Sequence alignment

Sequence alignment

I ifi=0
i6 if j=0
SA(X:,Y;) = a(zi,y;) + SAXi-1, Y1),
min § § + SA(X;,Y;_1), otherwise
0+ SA(X,1,Y))}
aAlclalalcalTlc Penalty matrix
A[C|G|T
C 521 Alo|1]|2]2
i cl|1]|]0(|2](3
T SA(Xs, Y3)
G Depends on ? Gi22/0]1
T T|([2|3 0
37
Sequence alignment
I ifi=0
i6 if j =0
SA(X;,Y;) = a(zi, y5) + SAXi—1,Yj-1),
min ¢ § + SA(X;, Y1), otherwise
0+ SA(X,—1,Y;)}
min(1+0, 1+1, 1+1)
AlclalalaglTlc Penalty matrix
0|1[2)|3[4]|5(6]|7 A[C|G|T
C|1 S Alo|1]|2]2
all 2 cl|1]|]0|2](3
13 G|l2|2(0(1
G|4
715 T|2|3(1]0
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3o ifi=0
is ifj=0
SA(X;,Y;) = afxs,y;) + SA(X;1, Y1),
min ¢ § + SA(X;,Y;_1), otherwise
5+ SA(X;-1,Y;)}
Alc AlaglTlc Penalty matrix
0l1[2]|3|4|5|6]|7 A|C|G|T
Cl1 51 Alof1]2]2
Al2 c(1(0(|2]|83
113 G|2|2]|0]1
G| 4
T|(5 T|2|3|1]|0
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Sequence alignment
jo ifi=0
is ifj=0
SA(Xy,Y;) = alzi,y;) + SA(Xi-1,Yj-1),
min ¢ § + SA(X;,Y,_1), otherwise
8+ SA(X;-1,Y;)}
min(1+0, 1+1, 1+1)
AlcTalalcglTlc Penalty matrix
0|1[2]|3|4|5]|6]|7 A|C|G|T
Cl1|1 5= 1 Alo]|1]2]2
Al2 c(1(/0(|2]|3
113 G|2|2]|0]1
G|4
T|(5 T(2]|3(1]0
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Sequence alignment

SA(X;,Y;) =

7o
i

a(z,y;) + SA(X—1, Y1),

min ¢ § + SA(X;, Y1),
04+ SA(X;-1,Y5)}

min(0+1, 1+2, 1+1)

ifi=0
ifj=0

otherwise

Penalty matrix

Sequence alignment

SA(X;,Y;) =

jo
i

afxs,y;) + SA(X;1, Y1),

min ¢ § + SA(X;,Y;_1),
0+ SA(Xi-1,Y;)}

min(0+1, 1+2, 1+1)

ifi=0
if j=0

otherwise

Penalty matrix

AlA|G|T|C
0 3(4|5|6]|7 A|IC|G|T
cl1 S Alof1]2]2
Al2 cC|1]10|2]|3
113 G|l2|[2]|0]1
G|4
T|5 T|2|3|1(|0
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Sequence alignment
o ifi=0
i6 ifj=0
SA(X;,Y;) = oz, y;) + SA(Xi-1, Y1),
min § § + SA(X;,Y;_1), otherwise

0+ SA(X;-1,Yj)}

min(1+2, 143, 1+1)

A|lA|G|T|C

3(4|5|6]|7

=D |H[>]|O

a|lbhlOINM|=2]|O

Penalty matrix

A|IC|IG|T

4D |0 |>

2
2
0
1

W IN|O| =
o|=|lw|(N

0
1
2
2
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AlA|G|T|C
0 31415(6]7 A|C|G|T
]
c 51 Alof1]2]2
Al2 C|1]0(|2]3
113 Gl2|2(0]1
G|4
T|(5 T|2|3|1]|0
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Sequence alignment
jo ifi=0
is ifj=0
SA(X;, afxs,y;) + SA(Xi—1,Y;-1),
min ¢ § + SA(X;,Y,_1), otherwise
0+ SA(Xi—1,Y5)}
min(1+2, 143, 1+1)
AlalclTlc Penalty matrix
0 31415(6]7 A|C|G|T
1 2
& 501 Alof1]2]2
Al2 cC|1|]0(|2]3
113 Gl2|2|0]1
G|4
T|5 T|2|3|1]|0
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Sequence alignment

Sequence alignment

s ifi =0
is ifj=0
SA(X;,Y;) = a(x,y;) + SA(Xi—1, Y1),
min § § + SA(X;,Y;_1), otherwise
0+ SA(X;-1,Y5)}
min(1+3, 1+4, 1+2)
aAlclalalcalTlc Penalty matrix
0112|383 |4|5(6]|7 A|C|G|T
all 2 c|1|0|2(3
13 G|l2|2(|0{1
G|4
715 T(2(3]1]0
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Sequence alignment
36 ifi =0
i6 ifj=0
SA(X;,Y;) = alzi,yy) + SAXi—1, Y1),
min § § + SA(X;,Y;_1), otherwise
0+ SA(X;-1,Y;)}
min(2+4, 1+5, 1+3)
AlclalalaglTlc Penalty matrix
0|11[(2|3[(4]|5(6]|7 A|C|G|T
cl1]1]1]2]3]4 — alol1l2]2
all 2 cl|1]|]0(|2]|3
13 G|l2|2(0(1
G| 4
715 T|2|3(1]0
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s ifi=0
is if j=0
SA(X:,Y;) = a(wi,y;) + SA(Xi—1,Y-1),
min ¢ § + SA(X;,Y;_1), otherwise
5+ SA(X;-1,Y;)}
min(1+3, 1+4, 1+2)
AlclalalglTlc Penalty matrix
o123 (4(5(6]|7 A[C|G|T
cl1]1]1]2]3 — B ol 122
Al2 cC(1(0|2]|83
13 G|2|2]|0]1
G|4
T|5 T|2|3|1]|0
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Sequence alignment
jo ifi=0
is if j=0
SA(Xy,Y;) = alzi,y;) + SA(Xi-1,Yj-1),
min ¢ § + SA(X;,Y,_1), otherwise
8+ SA(X;-1,Y;)}
AlclalalglTlc Penalty matrix
o123 (4(5(6]|7 A[C|G|T
C(1]1(1]2|3|4|5]|6 521 Alol1]2]2
Al2(1]2[1]|12[3|4](5 clilol21l3
T|3[2|3[2(3]|3|3]|4 . BDRE
G|4|13|4|13|4(3|4](5
T|5|4|5(4|5|4|3|4 T|2(3]|1]0
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Sequence alignment Sequence alignment: Finding the solution

SA(X[l.m],Y[1l.n],6,A){ Penalty matrix

for .i=0 to m o fi=0 AlclalT
M[i,0] := i& i =0
for j=0 to n SA(X;,Y;) = a(@i,y;) + SA(Xi—1, Y1), Af0]|1]2
M[0,3] := 36 min ¢ 6 + SA(X;, Y1), otherwise cl1lol2](3
o 5+ SAX,1,Y,
, PN Gl2]2]o]1
for i=1 tom Ti213[1 0

for j =1 ton

M[i,j] := min{ A[i,j] + M[i-1,]-1],
6 + M[i-1,3],
6 + M[i,3-11}

}Return M[m,n] A|ICIAIAIG|TI|C AIC|A|IA|[G|T|C
0|11]2|3|4|5|6]|7 < | [« |e | [« |e

C(1]1(1]2|3|4|5]|6 ClrT ININ e [« |« [« |

+ Time: ©(mn) Al2]1|2]1]2]|3|4]|5 AlT ININININ [« [« |«
» Space: ©(mn) TI13[2(3|2|3|3|3]4 TIT T ININ N |&
G|(4|3|4(3[4|3|4](5 Gt T IN[T [NININ [N

T|5|4|5|4|5(4|3]|4 TIT (T[T [T IN|e
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Sequence alignment

» Use dynamic programming to compute an optimal alignment.
+ Time: ©(mn)
+ Space: ©6(mn)

« Find actual alignment by backtracking (or saving information in another matrix).
« Linear space?

» Easy to compute value (save last and current row)
* How to compute alignment? Hirschberg. (not part of the curriculum).
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