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Volumes to surfaces

» From local to global formulation [Preisendorfer 1965].

refraction

medium .
medium

scattering

subsurface scattering

Local Global
» Suppose we let L% = T,(0,5)L(0) denote direct transmission.

» Preisendorfer introduces a scattering operator S; denoting the illumination that
has scattered j times inside the medium.

» The scattering operator provides a path from the radiative transfer equation
(local) to the rendering equation (global):

L=19So+> 195, =)"1°;.
j=1 j=0

- Preisendorfer, R. W. Radiative Transfer on Discrete Spaces. Pergamon Press, 1965.
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BSSRDF

» Since a monotone, bounded sequence of nonnegative real numbers (ZJ'-’ZO L°S;)
converges to a real number (L), a global solution exists. Thus
o0

L=> 1°5=1°S.
» But what is §7 j=0

> For , S = osp(x,dj,do).

» Continuous boundary and interior leads from S to S(X; x;, @;; X0, @, ), the
so-called
Bidirectional Scattering-Surface Reflectance Distribution Function.

» Originally called “the scattering function” [Venable and Hsia 1974]

where it included time dependency and inelastic scattering. (Arguably a better name.)
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Subsurface scattering

» Behind the rendering equation
[Nicodemus et al. 1977]:

AL, (X0, Bo) o \ xi/ x
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» An element of reflected radiance dL, comes from an element of incident flux d®;.

» S (the BSSRDF) is the proportionality factor between the two.
d’¢

Using the definition of radiance L cos 0 dAdw

, we have

Ly (x0,00) = / S(x;i, ;s X0, o) Li(xi, ;) cos B dw; dA.
AJ2
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An estimator for subsurface scattering

» The reflected radiance equation:
Ly (x0,00) = / S(x;, &j; X0, o) Li(Xi, i) cos B; dw; dA; .
2

» Monte Carlo estimator:

M N - . -
1 ZZ S(X;’p,w,-vq;xo,wo)L;(x,-vp,w,;q)cosH;

L, ) = Bl
,N,M(Xo wo NM pdf(X,',p)Pdf(Wi,q)

=1qg=1
» Common direction sampling pdf (cosine-weighted hemisphere):

Wig+N;  cosb;
pdf(&i q) = q =

7T s

» Common area sampling pdf (triangle mesh):

Ap 1 1

pdf(x; p) = pdf(A)pdf(x;pa) = Ag An = A—é .



Sampling a cosine-weighted hemisphere (ambient occlusion)

» Material: (x0)
- - d\ X
S(xi, Gi; Xo, @) = pTocS(xo —x;).
> Sampler: L0
o Wig- M cosb;
pdf(Wi,q) _ I,C;r ] _ . ] )

» Estimator:

L, N(xmf;jo)

pd(%0) Li(xo, Wi q) cosb;
NZ pdf(&i 4)
iq
M

1 -
= Pd(xo)N Z I—i(XOawi,q) .

q=1



Sampling a triangle mesh (area lights, soft shadows)

» Material:
S(xhwh xO;U-_jo) == pdETXO)(;(XO - X,) .
» Sampler:
- Xt,q — Xi
wi = —
i,q ||X£,q — X,‘H ) .
AN

» Estimator:

Lr,N(XOa (I}o)




Sampling for subsurface scattering

» Material:
S(X;,CU;;XO,LUO) =....

» Sampler:
. Wig-n;  cosb;
pdf(&i q) = ’Zr L= . L.
pdf(xip) = pdf(A)pdf(x;p.a)
A1 1
A AL A
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Rejection control

» The exponential attenuation e~ appears in all analytical BSSRDFs and
d — ||xo — xi|| for ||xo — xi|| = 0.

» We should exploit this. ;

Discrete pdf

» Russian roulette:
sample £ € [0, 1] uniformly; R
if (£ < Py)

call event 1; °
divide by py; -
e|Se If (§ < P2) ] Discrete cdf

call event 2;
divide by p»;

else if (£ < P3)

1 2 3 4

P~ cumulative

else if. (f < Py)

» When sampling x;, use Russian roulette with p;(x;) = P1(x;) = e orlxe—xill to
accept or reject a sample.



Progressive rendering of subsurface scattering

» The equation for reflected radiance:
L,(XO, (30) = / S(X;,CU,'; XO,QO)L;(X;,Q;) COoSs 9,’ dw; dA,‘ .
A J2r

> Initialize a frame by storing samples of transmitted light.
» For each sample:
» Sample a point (x; ) on the surface of the scattering material by sampling a random
triangle and then a random point in the triangle: pdf(x;,) =1/A;.
» Sample a ray direction & 4 using a cosine-weighted hemisphere and trace they ray to
collect incident light L;: pdf(cj 4) = cos8;/m.
» Use & 4 to find the direction of the transmitted/refracted ray and the Fresnel
transmittance T15.
T12L,' COos 0,’

» Store the transmitted radiance: L; = —
t pdf(x; »)pdf(Ji q)

= T12L,'71'Ag.



Progressive rendering of subsurface scattering

» The equation for reflected radiance:
L,(XO, Qo) = / S(X,‘,(,U,'; XO,LUO)L;(X;,Q;) COosS 9,’ dw,- C|A,' .
2w

» For a ray hitting x, with direction —J,:
» Compute Fresnel transmittance T»; of the ray refracting from inside to &,.

» Loop through the NM samples using exponential distance attenuation as the
probability of acceptance in a Russian roulette (rejection control).

» Use L; of accepted samples and T5; together with the analytical expression for S to
Monte Carlo integrate the rendering equation.

» The Monte Carlo estimator for the diffusive part is (we use N = 1):

Lanm(Xo,@0) =

i f: zN: S(X,')p7 (,3,'7(7; Xo, (I)’O)L,'(X,')p, @’;7q) cos 0;
NM pdf(x; p)pdf(di q)

p*l q*l

- T21 Z Z Sd(xl P?wl gr Xovwo)T12L (Xl P?wl q)'/TAZ

e—oullxo—xi]

[é’ < e*UtrHXo*xi,p”i| .

p1q1






Radiative transfer as diffusion

» The local formulation: Consider a point x along a ray traversing a medium in the
direction &J. Then

(@ - V)L(%, @) = —oe(x)L(x, &) + oo(x) / p(x, &, &) L(x, &) de

4
// °°
x—xo+sd
1770 /7

» We assume that the medium is turbid (scattering), but not emissive. (The
emission term L¢(x,d) has been left out.)

\ 7/
-0
/ \

-~

» To find a global formulation, we think of multiple scattering as a diffusion process.



Fluence and vector irradiance

» In diffusion theory, we use quantities that describe the light field in an element of
volume of the scattering medium.

» Total flux, or fluence, is defined by /X
y dz 7
dy <
o(x) = /47r L(x,d)dw. dx
X

» Net flux, or vector irradiance, is

E(x) = AW@L(X,Q) dw.

» E is measured in flux per (orthogonally) projected area.
> The areas are dy dz, dxdz, and dxdy.



Fick's law of diffusion

» The direction in which the fluence undergoes the greatest rate of increase is

0p 0¢ 0¢
Vo=|——,—,—|.
¢ <8x’ dy’ 0z
» Intuitively it is then reasonable to assume the proportionality
(Fick’s law of diffusion)
E(x) = —D(x) Vo(x).

» This assumption is only valid in the asymptotic regions of a medium, that is, in
regions far enough from the boundaries to ensure that most light has suffered
from multiple scattering events.

» The value of the diffusion coefficient D is also important for the correctness
of the law.

» The standard value D = 1/(307}) is valid for nearly isotropic, almost
non-absorbing materials.



The diffusion equation

» Integrating the radiative transfer equation over all outgoing directions results in

/(w.V)L(x,w)dw - —/at(x)L(x,JJ’) dw +/as(x)/p(x,cD",cD’)L(x,cD")dw’dw.

4 4n 4r 4r

» In terms of fluence ¢ and vector irradiance E, this turns into

V- E(x) = —0t(x)p(x) + 05(x)d(x) = — 0a(x)d(x) -

» Inserting Fick's law (E = —D V¢), we get the diffusion equation (for a
non-emitter):

V- (D(x) Vé(x)) = oa(x)o(x) .

which we can solve for ¢ to get the light field in a scattering medium.



Splitting up the BSSRDF

» Bidirectional scattering surface reflectance distribution function: S(x;,dJ;; X0, Jo) -
» In asymptotic regions of the medium, we can use diffusion.
» Splitting up the BSSRDF

S(X,‘,CU,’;XO,LUO) = To(a;07 Nmed, nO)SC/(HXO - Xi”)Ti(("_jiv ni»”med) + Sl .

where

» T; and T, are Fresnel transmittance terms.

» S!is the single scattering operator.

» S, is the diffusion part.

P Nmed, N;, and n, are the refractive indices of the scattering medium, the one from
where light is incident (incoming), and the one from where light is emergent
(outgoing).

> Note that the diffusion part depends only on the distance between the point of
incidence (x;) and the point of emergence (x,).



The diffusion part of the BSSRDF
» Consider the diffusion part of the BSSRDF S, only.
dLy(xo,0)

=S —xi||)-
T 55 = Selllxe )
> Radiance is L d’o diant exitance is M = 92
adiance is L = —————, radiant exitance is M = —.
cosfdAdw’ dA
P> By cosine-weighted integration over all outgoing directions, we have
dLg(x0, &
Zqu‘:(():’:)))cosedw =/ Sd([|xo — xi||) cos € dw .

» Since Sy only depends on distance, we get

de(Xo) . )
10 (. o = "Salllxe = xil).



Boundary conditions

» Assume that no diffuse radiance is scattered in the inward direction at the surface.

Then
/ L(x,&") cosfdw’ =0
o & My(x) = / L(x, &) cos O’ = i~ E(x).
L(x,d") cos @ dw’ = My(x) 4
27

» The assumption rarely holds, but this gives a link between surface and volume
rendering (the local and the global formulation of radiative transfer):

Ma(x) = i~ E(x).

where 7 is the unit length surface normal.

» This link is crucial for the model. A correction is used later to alleviate the error
introduced by the incorrect assumption.



The dipole approximation

» An approximate solution for the diffusion equation:

¢ e_Utrdr e_Utrdv ;
o(z) = ) R , 0w =1/30,0%,0, =02+ (1—g)os.
r v
z-axis
. . N
P o, is the scattering Zy ;I(L\—real source
coefficient. N
. . LN
P> o, is the absorption N
- N\
coefficient. N
. n, N
» g is the asymmetry - EE z=0
parameter. ®; ,/ B
. . ‘4 @)
» r is the distance \.\o;& Y
between x; and x,. C.}a,eﬁ‘\ )’ \<l observer
\*\ /

N
-Zy — < virtual source
/I \



Putting the math together
» Fick's law (E = —D V¢) and the boundary conditions:

My(x) =n-E(x)= —Dn- V¢(x).

d _ )
Ty =nSy:

» Using the rendering equation

4 Vo))

7Sa([|%o0 — xill) = do;(x;, &)

» Inserting the dipole approximation of ¢:

do 9 | 1 [eowd(zr)  g-oudi(zr)
47D \ di(z,r)  du(z,r) :

do; 9z

wS4(r) = —D

where

di(z,r)=/r?+(z+2z)% and dy(z,r)=+/r?+(z—2z,)%.



The subsurface scattering model

» Taking the partial derivative with respect to z and afterwards setting z = 0:

Sq(r)

_ 1 do [z (1+ oy dy)e ot n z,(1 4 oyd, )e v
T 4r2do; a3 a2 ,

with d.(r) = \/r> +z? and d,(r) = \/r?> + z2.
» It remains now only to estimate ®, z,, and z,.

> The model is based on reduced scattering properties:
»> Reduced scattering coefficient: ol = o4(1 — g).
> Reduced extinction coefficient: o} = ol + o,.
» Reduced scattering albedo: o' = oL /0.
> Transport mean free path: A = 1/0}.
» From these we define: ® = o/®; (meaning %’i =d')and z, = 1/07}.
» The displacement of the virtual source z, is corrected to mitigate the boundary
condition error: z, = z, + 4AD, where D = 1/(307) is the diffusion coefficient
and A is the reflection (or the Groenhuis) parameter.



Validity
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Figure from Craig Donner's PhD thesis [2006].
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